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SUMMARY
Some authors have developed simplified analytical expressions for 
approximating natural frequencies of framed structures. Others have 
proposed empirical formulae based on observational data for the 
vibrational behaviour of actual buildings. Generally these are subject 
to certain limitations regarding possible variations in frame 
properties.
In this thesis an attempt is made to provide an approximate method 
of analysis, based on a realistic mathematical model (but assuming 
elastic behaviour), and taking into account the effects of significant 
individual parameters.
Preliminary work is concerned with a review of analysis procedures, 
and an assessment of representative methods, with the view to 
determining the mathematical model which best satisfies the dual 
requirements of accuracy and efficiency of computation. All methods 
are programmed for solution by digital computer.
Thereafter, an investigation is made into the effects of individual 
variables on the natural frequencies of structural frames. Initially 
the study is confined to a relatively simple structure, namely a 
2-storey, 1 -bay portal, and is extended subsequently to include higher- 
storey, 1 -bay frames.
Illustrative examples are used to demonstrate the application of 
the resulting information in the determination of approximate
frequencies.
Finally, attention is directed to the problem of multiple bays.
An approximate procedure, in -which multi-bay frames are replaced by 
equivalent single-bay frames, and based on the assumption of equal joint 
rotations at a given floor level, is shown to give good accuracy.
ACKNOWLEDGMENTS
The author -wishes to express his sincere thanks to Professor 
C. A* M. Gray, Warden of Wollongong University College, for the 
opportunity of conducting this work at the College, and especially for 
the use of the IBM 1620 Digital Computer Facilities.
Grateful acknowledgment is offered to both Dr. R. W. Traill-Nash, 
Associate Professor, and Mr. R. W. Woodhead, Senior Lecturer, of the 
Department of Structural Engineering, The University of New South Wales 
for many valuable suggestions and criticisms, as well as for the 







List of Figures ix 
List of Tables xi 
Notation xii
Section i. INTRODUCTION 1
Section 2. REVIEW OF PROCEDURES FOR THE DYNAMIC ANALYSIS 
OF FRAMED STRUCTURES
2.1 General k
2.2 Exact Methods 5
2.3 Lumped Mass, Flexible Girder Methods 8
2.4 Shear Building Methods 11
Section 3. COMPARISON OF REPRESENTATIVE METHODS OF 
ANALYSIS
3.1 General 13
3.2 Outline of Methods Used 15
3.3 Computer Programmes 17
3.4 Programme Checks and Comments 20
3-5 Comparison of Results for Common Source of Data 2k
3-6 Conclusions 2J
Section 4. DYNAMIC PROPERTIES OF TWO-STOREY, SINGLE-BAY 
FRAMES
4.1 General 28
4.2 Frames with Uniform Storeys 29
vii
4.3 Frames with Non-uniform Storeys 34
4.4 Approximate Method for General Frame 4-0
4.5 Effect of Variations in Parameters on
Calculated Frequencies 46
4.6 Conclusions 49
Section 5. GENERAL MULTI-STOREY, SINGLE-BAY FRAMES
5.1 General 51
5.2 Frames with Uniform Storeys 55
5.5 Frames with Non-uniform Storeys 57
5.4 Application of Approximate Procedures 65
5.5 Discussion 69
5.6 Conclusions J2
Section 6. MULTI-BAY FRAMES
6.1 General 75
6.2 Equivalent Single-bay Frame 7^
6.5 Frames with Uniform Bays 76
6.4 Frames with Non-uniform Bays 80
6.5 Conclusions 81
Section 7. SUMMARY OF CONCLUSIONS 82
Bibliography 86
Appendix A. Development of Generalized Methods of Analysis 92
Appendix B. Computer Programmes for General Frames 104
Appendix C. Typical Displacement Transformation Matrix for
Single-bay Frames 126
Appendix D. Correction to Laursen et al Method 127
viii
Appendix E. Frame Stiffness Matrix for Two-storey, Single­
bay Portals 128
Appendix F. Computer Programme for Two-storey, Single-bay
Portals 130
Appendix G. Reduced Stiffness and Flexibility Matrices for
Shear Buildings 137
Appendix H. Reduced Flexibility Matrix for Free Cantilevers
with Lumped Masses 139
Appendix I. Computer Programmes for Shear Buildings and
























Mathematical Models for Methods of Analysis
5-Storey Example Frame - Laursen et al
2- and 1-Storey Model Frames - Levien and Hartz
2- to 5-Storey Example Frames - Housner and Brady
2- and 5-Storey Example Frames - Biggs
2- and 5-Storey Frames used for Comparison of Methods 
of Analysis
2-Storey, 1-Bay Frame with Uniform Storeys
Variation in Coefficient Co with Ratio kg/kc for 
2-Storey Frames
2-Storey, 1-Bay Frame with Non-Uniform Storeys
Effect of Ratio Igë/lgi on Frequency Coefficient for 
2-Storey Frames - Fundamental Mode
do. - Second Mode
Effect of Ratio Ic^/lci on Frequency Coefficient for 
2-Storey Frames - Fundamental Mode
do. - Second Mode
Effect of Ratio &Cb/£ci on Frequency Coefficient for 
2-Storey Frames - Fundamental Mode
do. - Second Mode
Effect of Ratio m^/mx on Frequency Coefficient for 
2-Storey Frames - Fundamental Mode
do. - Second Mode
Effect of Simultaneous Variations with Ig2/lgi on 
Fundamental Frequency Coefficient - kgi/kci = 2
Effect of Simultaneous Variations with Ic^/lci on 

















Effect of Simultaneous Variations with ica/^ci on 
Fundamental Frequency Coefficient - kgi/kei = 2
Effect of Simultaneous Variations with on
Fundamental Frequency Coefficient - kgi/kci = 2
Comparison of Approximate and Exact Values of Frequency
Coefficient - Fundamental Mode
do. - Second Mode
Variation in Coefficient Co with Number of Storeys
Effect of Variations in Column Inertias on Fundamental 
Frequency Coefficient - kg0/kc0 = °o
do. - kgo/kco = 0
Effect of Variations in Girder Inertias on Frequency 
Coefficient - kgo/kco = 1
Effect of Ratio Ici/lco on Frequency Coefficient for 
Multi-Storey Frames
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Interest in the problems associated -with the analysis and design of 
structures for dynamic loads has been increasing over the years. This 
has been stimulated by the rapid advances made possible by the advent of 
the digital computer in the field of structural engineering.
There are a number of design situations in which the effects of 
dynamic disturbances must be considered. Included among these are:
(i) The aseismic design of buildings, where the dynamic 
disturbance takes the form of foundation movement during an 
earthquake;
(ii) The design of structures to resist suddenly applied forces, 
such as wind gust, or air blast associated with the explosion 
of a military weapon;
(iii) The design of bridges, or even crane girders, to withstand the 
dynamic effects associated with moving loads.
Many procedures have been developed for the dynamic analysis of 
"rigid frames”. Since a knowledge of vibration characteristics 
provides a most convenient basis for the study of dynamic response and 
loading under general transient forces, much of the associated work is 
concerned with the determination of natural frequencies and modes. 
Usually this involves extensive numerical calculation, and is beyond 
simple formulation.
1 2  5*Some authors * ’ have developed simplified analytical
* Numbers refer to Bibliography.
2
expressions for the approximate determination of frequencies (or 
periods) of multi-storey frames. Others^’ ^ have proposed empirical 
formulae based on observational data for the periods of actual buildings 
in California and Japan, respectively.
Generally these are subject to one or both of the following 
limitations:
(a) The mathematical model chosen is too restrictive, e.g., floor 
girders assumed infinitely rigid (whereas in practice, girder 
flexibility may be significant);
(b) The frequency is expressed as a function of only the total 
number of storeys, or the overall dimensions (whereas in 
practice, the effect of variations in individual member 
properties may be significant).
In this thesis an attempt is made to provide an approximate method 
of analysis, based on a realistic mathematical model (but assuming 
elastic behaviour), and taking into account the effects of significant 
individual parameters.
Preliminary work is concerned with a review of analysis procedures, 
and an assessment of representative methods, with the view to 
determining the mathematical model which best satisfies the dual 
requirements of accuracy and efficiency of computation. All methods 
are programmed for solution by digital computer.
Thereafter, an investigation is made into the effects of individual 
variables on the natural frequencies of structural frames. Initially
3
the study is confined to a relatively simple structure, namely a 
2-storey, 1-hay portal, and is extended subsequently to include higher- 
storey, 1 -bay frames.
In proposing simple formulae for the utilization of the resulting 
information, consideration is given to two separate applications:
(i) The rapid manual calculation of approximate frequencies for a 
general frame;
(ii) Where exact frequencies are known, in the estimation of 
revised values corresponding to minor alterations in the frame 
data during the design stage.
Of course, better accuracy is to be expected in the second case.
Finally, attention is directed to the problem of multiple bays, and 
an approximate method is demonstrated in which multi-bay frames are 
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FIG.1. MATHEMATICAL MODELS FOR METHODS OF ANALYSIS
SECTION 2. REVIEW OF PROCEDURES FOR THE DYNAMIC ANALYSIS
OF FRAMED STRUCTURES
2.1 GENERAL
Many procedures with varying degrees of accuracy, depending on the 
assumptions made, have been developed for the dynamic analysis of framed 
structures. The most significant assumptions are concerned with the 
distribution of the mass of the structure, and with the comparative 
stiffness of the floor girders. In terms of these assumptions, all 
methods of analysis may be grouped broadly into three main categories 
(i) "Exact” methods: Mass of all members assumed uniformly 
distributed; stiffness of all members assumed finite.
(ii) "Lumped Mass, Flexible Girder" methods: Mass of structure
assumed lumped at floor levels; stiffness of all members 
assumed finite.
(iii) "Shear Building" methods: Mass of structure assumed lumped at 
floor levels; floor girders assumed infinitely rigid.
The mathematical models corresponding to each of these methods are 
illustrated diagrammatically in Fig. 1.
In reviewing the relevant published literature, it is convenient to 
deal with each category separately.
5
The basic equations for free vibration of slender, elastic beams
are well known, and are adequately covered in most textbooks on
structural dynamic Applied to frames, the analysis involves
the solution of a system of transcendental equations describing the
9 10shape function for the various members ' . With the exception of very
simple frames, however, a direct solution is extremely difficult to 
obtain.
11 .Most authors regard the work of Hohenemser and Prager as being 
the starting point in the necessary development of simplified 
techniques. Their approach was allied to the slope-deflection method 
for static loading, but was similarly limited in so far as it required 
the solution of large systems of simultaneous equations.
After the introduction and subsequent development of relaxation­
type procedures for the static analysis of continuous beams and frames,
it was not long before these methods were being extended to the solution
12of dynamic problems. Gaskell provided the beginning of this
„ _ 13extension by adapting both the moment-balancing method of Hardy Cross
II4. .
and GrinterT s method of balancing angle changes to the analysis of a 
rectangular portal subjected to a central dynamic load. To facilitate 
the work, use was made of the tabulated values of various functions 
presented by Hohenemser and Prager.
An important limitation of the dynamic moment-balancing procedure 
is that convergence can be assured only for frequencies of vibration (o)
2.2 EXACT METHODS
6
which are smaller than the first natural frequency (a^) of the 
structure. Hence the method is not, in general, suitable for 
obtaining natural frequencies, unless the fundamental value, only,
15is required . With regard to the method of balancing angle changes, 
convergence may not always occur even when oo <  o)1#
The concept of dynamic moment-balancing has been utilized by
l6 1 *7Veletsos and Newmark * in setting up the basic equations for a
numerical procedure which is equally applicable to frames as to
continuous beams. The solution involves a trial and error routine
18
based on a technique used by Holzer for treating torsional vibrations. 
There is no restriction on the number of natural frequencies that may be 
obtained.
With the application of digital computers in the solution of 
structural engineering problems came a new phase in the development of 
analysis techniques. A different approach was demanded by the computer 
requirement for regularity and standardization of procedures. This was 
achieved with the introduction of matrix methods, resulting in a wide 
reorganization of structural theory.
The formulation of transfer matrices and their use in a variety of
structural and mechanical problems has been studied extensively by
19Pestel and Leckie . Applied to vibration analysis, the transfer
matrix technique is limited by numerical difficulties encountered when
dealing with the higher modes. This problem may be solved, however, by
20the use of the so-called delta matrix concept outlined by Marguerre .
7
More recent developments have been concerned with the formulation
of dynamic stiffness and flexibility matrix methods. A stiffness
(displacement) method has been presented by Burch21 in which the
expression for the frame stiffness matrix is obtained manually, thus
requiring a separate programme for the solution of each particular
. . 22frame. Laursen, Shubinski and Clough have overcome this disadvantage
by synthesizing the dynamic stiffness matrix by means of a generalized
25 2k 25procedure adapted from the static counterpart y * . On the other
hand, a type of flexibility (force) approach, involving a large number
2 6of matrix manipulations, has been developed by Levien and Hartz . It 
is evident that the stiffness method is more straightforward, involving 
less computer storage and time, and is therefore preferable.
8
In general, the development of procedures using the lumped mass 
approximation has been similar to that of the more classical approach 
outlined in Section 2.2.
Among the first to use this assumption in the dynamic analysis of
27building frames was Goldberg , who developed a numerical procedure for 
the determination of the fundamental period only. The deflection curve 
is first calculated by a process of successive converging approximations 
using simplified slope-deflection formulae. These equations are 
derived through the introduction of the additional assumption that the 
rotations of the individual joints at a given level are equal. Having 
determined the deflection curve of the vibrating frame, the period is 
obtained using energy methods. The method is quite laborious.
Some 20 years later, a revised procedure was formulated by Goldberg, 
28Bogdanoff and Moh for the determination of the higher modes and 
frequencies, retaining the simplified slope-deflection equations as the 
basis of the analysis. A trial and error process is used in which, for 
each trial frequency, the displacement at the base corresponding to an 
assumed displacement at the top floor level is computed using a step-by­
step numerical procedure. Natural frequencies are defined by zero base 
displacements.
With regard to matrix methods, it is important to note that when 
the Imped mass approximation is made, the stiffness or flexibility 
matrix used in the dynamic analysis is a static property of the
2.3 LUMPED MASS, FLEXIBLE GIRDER METHODS
9
structure. Hence, existing procedures for static analysis of frames 
have been utilized by various authors in the development of methods for 
the determination of natural frequencies.
29Schenker employs a stiffness matrix formulated by moment­
distribution methods in his analysis of a 3-bay, 3-storey frame.
Results are compared for two cases:
(a) No restriction on joint rotation (flexible girder assumption),
(b) No joint rotation takes place (shear building assumption).
Rubinstein and Hurty^ have studied the effects of joint rotation 
in more detail with reference to a typical 19-storey building. In 
addition to the extreme cases considered by Schenker, two intermediate 
assumptions were also tested:
(c) *All joints within a floor (for all frames) undergo an equal
rotation,
(d) *All joints of a given type frame within a floor undergo an
27equal rotation (as proposed by Goldberg ).
Whereas the no joint rotation assumption gives deviations in the order 
of 100$ for the lower frequencies, cases (c) and (d) yield very 
satisfactory results, with only 5$ to 6$ discrepancy.
All the methods reviewed so far have neglected the effects of axial 
deformation in the columns. This assumption is reasonable provided the 
height-to-width ratio of the building is not high. With tall slender
* Letters do not correspond to those used by Rubinstein and Hurty.
10
buildings^ however, errors may become more pronounced. Such a building
31has been studied by Rubinstein . The natural modes and periods are 
computed with columns free to undergo axial deformation as well as 
restricted against it. In both cases no restriction is placed on joint 
rotation. On this basis it is found that the assumption of no column 
axial deformation gives a trivial 9$ error in the fundamental period.
11
Reference has already been made to procedures within this category
where used in conjunction with a Imped mass, flexible girder approach.
The literature reviewed hereunder is concerned solely with shear
buildings, the basic assumptions for which appear to have been first
32proposed by White .
One of the first subsequent treatments of a shear building was 
carried out by Salvadori*^. The elastic stresses due to earthquake 
displacement of its foundation are determined using normal modes and 
numerical integration. The rocking of the building on an elastic soil 
and the influence of internal damping are taken into account. Results 
are compared with those obtained assuming a cantilever shear beam.
33In discussing the previous paper, Blume^ has shown how simple 
energy methods may be used to determine a value for the fundamental 
frequency, having less than 1# error from Salvadori’s more rigorous 
solution, but involving far less work.
2 3k 35 .Energy methods have also been used by Ifrim 9 9  to determine
approximate generalised expressions for the fundamental frequency. An
36 . .upper limit is obtained using Rayleigh’s method and considering each 
of the following assumptions for the first normal mode:
(a) The dynamic displacement coincides with the deformation due to 
statically applied floor loads in the lateral direction;
(b) The dynamic displacement may be considered to have a linear
2,k SHEAR BUILDING METHODS
variation.
12
Dunkerley's procedure^' is used to obtain a lower limit.
An iteration method based on the inverse stiffness matrix 
(flexibility matrix) has been developed by P e i ^  in which the 
fundamental (and most important) frequency is obtained as the first 
result. This is in contrast to the usual matrix-iteration method*^ 
which yields the highest frequency first. The most significant feature 
of Pei * s contribution is, however, the provision of a general formula 
for obtaining the inverse of the stiffness matrix for shear buildings.
M Many other authors have contributed to the literature on dynamics
of shear buildings. Of particular value has been the extensive and
varied research carried out over a period of some 25 years in relation
to the 15-storey Alexander Building in San Francisco. A summary of
40this work has been published by Blume .
37
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SECTION 3. COMPARISON OF REPRESENTATIVE METHODS OF ANALYSIS
3.1 GENERAL
In developing representative methods of analysis for the three 
categories described in Section 2, generalised matrix procedures are 
employed. Further, the stiffness (displacement) approach has been 
adopted as being generally more suitable than the flexibility (force) 
approach. When the lumped mass assumption is made, the comparison is 
the same as for the static case, where the advantage of the stiffness 
approach arises from the fact that there is only one possible restrained 
structure, and that the effects of unit displacements are localized.
All methods have been programmed for solution on the IBM 1620 
computer at Wollongong University College. The computer is a 60 K card 
system which includes four magnetic tape units. Programmes generally 
have been written in accordance with the FAP (Fortran Assembly 
Programme) system, developed by the Australian Atomic Energy Commission 
specifically for this computer, in preference to FORTRAN II. The FAP 
processor accepts SPS statements in addition to basic FORTRAN. Most of 
the features of FORTRAN II are incorporated in the system, with a few 
notable variations:
(a) FAP can be used as a Load and Go system if desired. Thus an 
object deck need not be produced every time the source 
programme is processed during the testing stage.
(b) The accuracy of the FAP system is fixed at eight digits for 
floating point numbers and five digits for integers. In 
FORTRAN II a greater accuracy may be specified (using more
storage) if required.
(c) FORMAT is optional for FAP input/output statements. The use 
of free format (as in FORTRAN i) is particularly convenient for 
input data.
(d) Subprogrammes may not be used in FAP.
Further details of minor variations are contained in the FAP Programming 
Manual^.
15
5.2 OUTLINE OF METHODS USED
The methods to be compared are developed in detail in Appendix A. 
They are described briefly hereunder.
Exact Method
This approach is similar to that used by Laursen, Shubinski and 
22Clough .
Essentially, the procedure consists of first obtaining the dynamic
stiffness matrices [k, ] of the unassembled members. Then a singled. m
matrix [k^] is formed as a diagonal matrix of submatrices [k^ 1̂ . This 
is different from the static equivalent in that it is a function of the 
frequency of vibration. Subsequently the dynamic stiffness matrix [K^] 
for the complete frame is synthesized exactly as in the static
pit psanalysis' ' using the displacement transformation matrix [t ].
Finally the equations of motion for free lateral vibration are written, 
from which the criterion for a natural frequency is obtained as
where
and
Det K (xF m* = 0f
[m*] = diagonal mass matrix, 
co s circular frequency of vibration (rad./sec).
( 1 )
Since the [K, ] matrix is a function of the frequency, a trial and a
error process must be used for the solution.
Lumped Mass, Flexible Girder Approach
Using the lumped mass approximation, the frame is assumed to 
consist of massless members, so that the stiffness matrix [K] is that
16
for the statie case. For free undamped vibration in the lateral 
direction, only horizontal inertial forces result, and all inertial 
moments at the joints are zero. Advantage is taken of this fact to 
condense [K] into the form of a reduced stiffness matrix [K*] having an 
order equal to the number of floor levels (or corresponding lumped 
masses).
The resulting criterion for a natural frequency is obtained as
Det D - œ2 I = 0,
where [D] = [m]”1 [K*],
and [I] =  unit matrix.
(2)
Since [D] is independent of the frequency, a standard eigenvalue 
procedure may be employed to obtain a direct solution for the natural 
frequencies.
It should be noted that no restriction whatsoever is placed on 
joint rotation in this method.
Shear Building Approach
Rather than formulate a separate method for the rigid girder 
assumption, it is convenient to utilize the more general lumped mass 
approach described previously. When it is considered that no joint 
rotation takes place, the stiffness matrix is automatically reduced to 
the same order as [K*]. Thereafter the two methods are identical.
IT
3.3 COMPUTER PROGRAMMES
The programmes contained in Appendix B are written for the solution 
of single-bay frames, up to and including five stories high, or the 
equivalent in terms of number of members and number of joint 
displacements. They are developed similarly, where applicable, and 
require basically the same input. Efficiency has been a major 
consideration in regard to both storage and computation time.
Programme 1. Exact Method of Analysis
The input for this programme consists of:
(a) The number of members, number of horizontal loads (or 
corresponding displacements), and number of joint moments (or 
corresponding rotations).
(b) The mark number*, modulus of elasticity, moment of inertia, 
length, and mass per unit length for each member.
(c) The location and value of the non-zero elements of the 
displacement transformation matrix (refer Appendix C for 
typical example).
(d) The total mass for each floor girder, including any 
superimposed dead load.
It will be noticed that the data required in (a) and (c) are common for 
any given type of frame.
* A different mark number is required for each member except when its 
properties are identical to those of the preceding member.
18
K , - <& m* d
Trial values of frequency (o>) are entered at the console 
typewriter, and corresponding values for the determinant 
are subsequently produced. The determinant evaluation routine is 
written to give maximum accuracy regardless of the initial layout of 
elements. Finally, natural frequencies are found where the determinant 
changes sign. This process is facilitated by plotting results as they
are obtained. While any number of natural frequencies may be obtained
for a distributed mass system, generally the first few only are 
significant.
Programme 2. Lumped Mass Approach
Owing to storage difficulties, this programme is written in two 
parts. Phase 1 is concerned with the calculation of the [D] matrix, 
while the solution for the natural frequencies is contained in Phase 2.
The input for Phase 1 is the same as for the exact method of 
analysis, with the following exceptions:
(a) The mass per unit length of members is not required.
(b) The quantities used in the mass matrix are the lumped floor 
masses.
Sense switch settings allow the use of either a flexible girder 
approach, with no restriction on joint rotation, or a shear building 
assumption.
The matrix inversion routine used here, in the production of the
reduced stiffness matrix [K*] in the flexible girder approach, and
 ̂ ^ k2elsewhere, is based on the partitioning method recommended by Gennaro .
19
The inverse matrix elements replace the original elements during the 
inversion process, thus conserving storage.
Two versions of Phase 2 are given. Version 1 is limited to the 
analysis of frames with equal floor masses only. It is basically an 
eigenvalue routine for a symmetric matrix using Jacobi*s method adapted, 
after necessary correction, from an IBM 1620 library programme . The 
alternative version allows solution of the more general case in which 
unequal floor masses are involved, and the determination of eigenvalues 
of a non-symmetric matrix is required. This is achieved by first 
calculating the coefficients of the characteristic polynomial using the 
method of A. N. Krylov, as presented by Faddeeva , and then obtaining 
the roots by Newton-Raphson's method and so-called synthetic division.
In order to maintain good accuracy, double precision FORTRAN II is used.
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Member E I 1 M
No. K/in.2 in 4 in. K.sec.2/  in.2
1 -  3 30x10 3 3 3 9 . 2 2 6 4 . 0 7.333x10-6
4 1 5 30X103 2 3 8 . 4 1 6 8 . 0 6.686X10'6
6 4 7 30x10 3 3 5 0 . 8 1 6 8 . 0 9 705x10-6




K. sec.2/  in.
Mode COr a d . / s e c .
1 -  3 1.936X10'3 1 3 2 . 7
2 10 2 . 2
3 19 2 . 8
FIG.2. 3-STOREY EXAMPLE FRAME -  LAURSEN ET AL
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¡ i =  6 . 8 8 x 1 0~5 lb.sec.2/ i n . 2 
1= 6 . 866X IO'5 in.4 
E = 30x 10 6 lb. /  in.2 
m= 65.36X10"5 lb.sec.2/ i n .
Mode co ( rad. /sec. )2 -sTorey 1 - s t o r e y
1 102.4 194.3
2 314.4 76 6 . 8
3 759 .3 1251
FIG. 3. 2-  AND 1-STOREY MODEL FRAMES -  LEVIEN & HARTZ
20
3 A  PROGRAMME CHECKS AND COMMENTS 
Programme 1,
As a first check, the programme was used to analyse the 3-storey
22frame included as an example by Laursen, Shubinski and Clough , and 
shown in Fig. 2. The case of no superimposed load was tested only. 
However, the results obtained were significantly different from those 
published.
On checking back through the development of the method used by 
Laursen et al, it was found to be erroneous, in that the sign convention 
associated with one of the unit displacements is inconsistent with the 
theory (refer Appendix D)*. In order to verify whether this was in 
fact the source of the variation in results, a second set of 
calculations were made using the same programme, but altering the sign 
of the appropriate elements in the [t] matrix to give the same effect 
as the error. This time the published results were obtained, within 
the accuracy of the available data.
An independent check was achieved by employing both procedures in 
the analysis of the model frames shown in Fig. 3**> for which comparative 
results have been established by Lou^ (single-storey frame only),
* Advice of this error has been acknowledged by the authors .
**0wing to the very small values for the model frame properties, it is 
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I<3 = 240 in.
Ic =144 in.
m = 0 . 10352 K. sec . 2/ i n .  
E = 3 0 x 103 K / i n . 2
Mode
u> ( rad. /sec. )
2 A 3 A 4A 5A
1 8.423 6.024 4.787 4.032
2 28.16 19.47 15.02 12.38
3 35 72 27.41 22.26
4 41.12 33 .39
5 45 .63
F l e x i b l e  G i r d e r  A p p r o a c h
Mode w ( rad . / sec . )
20 3C 4C 5C
1 12.74 9.951 8.318 7.2 37
2 31 .66 25.63 21.68 18.91
3 38.17 33.09 29.44
4 43.12 1 38.37
5 47 .53
S h e a r  B u i l d i n g  M e t h o d
F I G. 4. 2 -  TO 5-ST0REY EXAMPLE FRAMES -  H0USNER 8. BRADY
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Burch21, and Levien and Hartz26*. Since these are expressed in cycles 
per second, the natural circular frequencies given by Programme 1 must
be converted, using the relationship f 0)2 7r *
For the 2-storey frame, quite different values are obtained for the 
first two natural frequencies when the modified [t] matrix, 
corresponding to the Laursen et al method, is used. The correct method, 
on the other hand, gives good agreement with the known results. It is 
interesting to note that in the case of the single-storey frame, both 
procedures give identical solutions.
A full comparison of results is shown in Table I.
Programme 2.
Results obtained by Housner and Brady^ served to verify those 
components applicable to equal floor masses. When the lumped mass 
approximation is made, it is possible to determine as many natural 
frequencies as there are floor levels. Check calculations were made 
for all modes of the 2- to 5-storey example frames shown in Fig. ^ using
(a) Flexible girder approach (Case A frames);
(b) Shear building method (Case C frames).
* The properties specified by Levien and Hartz for the 2-storey frame 
are incorrect. The statement that members are all identical (I = 6.88 
X 10“5 in.4) should read that columns and girders have different moments 
of inertia (ic = 6.866 x 10 5 in.4, Ig = 13*732 x 10 5 in.4), as 
presented by Burch. Advice of this error has been acknowledged by the
k6authors .
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ca(rad/ sec) co(rad/ sec) o)(rad/ sec)
3-storey 1 53.7 53.8 32.7
frame 2 110.0 110.1 102.2 -
(Fig. 2) 3 126.9 127.1 192.8
f(c.p.s.) f(c.p.s.) f(c.p.s.)
2-storey 1 19.2 16.3 16.5
frame 2 - kk.8 5O.O 50
(Fig. 3) 3 120.8 120.8 120
f(c.p.s.) f(c.p.s.) f(c.p.s.)
1-storey 1 30.9 30.9 31
frame 2 - 122.0 122.0 122
(Fig. 3) 3 199.1 199.1 199





50 p . s . f .
2 5 1 Bent  Spacing J _  [
12
15
21 WF 6 2
10 WF 21 5
1
2 4 W F 8 4
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M e m b e r I 1
No. i n 4 in.
1 1326.8 3 6 0
2 & 3 2 3 6 4 . 3 3 6 0
4 - 7 106.3 120
8 & 9 2 4 8 . 6  ^ 180
Member I 1
No. in.4 in.
1 4 0 0 0 6 0 0
2 5 0 0 0 600
3 & 4 2 4 0 144
5 & 6 4 5 0 180
E =  30 X 1 0 3 K /  in.2
G i r d e r
NO.
m
K. sec.2/  in.
1 0 . 0 6 6
2 0 . 1 3 2
3 0 . 1 4 1




1 0 17 7
2 0 . 2 9 4
—
Mode CO
r a d / s e c .
I 9 . 0 1 2
2 2 3 . 5 2
Mode a
r a d / s e c .
1 7 . 6 2 3
2 2 2 . 5 9
3 3 3 . 6 4
F I G . 5.  2 -  AND 3 - S T O R E Y  EXAMPLE FRAMES -  BIGGS
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Solutions for the natural frequencies were produced using both versions 
of Phase 2. On conversion to cycles per second, all results were 
identical to those published, correct to four significant figures.
With reference to frames having unequal floor masses, check results 
were obtained for example frames discussed by Biggs , as shown in Fig.
5, .with exact agreement.
ASB 120
Superimposed Loading 
Floors 100 p. s. f. 




















Member No. E I 1 M(K.sec.2/ i n . 2)
2-Storey 3-Storey K /  i n .2 in.4 i n . Unloaded Loaded
1 & 2 1 -  3 30x| 0 3 491.91 2 4 0 . 0 9 . 70 5 0 x 1 0 ' 6 4 4 1 .04x10 -6
3 & 4 4 & 5 30X103 204.80 1 4 4 . 0 8.6266x10-6 94.893x10-6
5 & 6 6 & 7 30x103 288.69 1 4 4 . 0 11.862x10"6 98.128x10-6
8 & 9 30x103 345 .04 1 4 4 . 0 15.097x10-6 101.36x10-6
Method Girder m (K. sec? / i  n .)No. Unloaded Loaded
1 2 .3292x10-3 105.85x10-3
Exact 2 2 3292x10-3 105.85x10-3
3 2 3292x10-3 105.85x10-3
1 3 .5714x10-3 119.51x10-3
Lumped 2 5 .2795x10-3 133.64x10-3
3 6 .2113x10-3 134.58x10-3
F I G . 6.  2 -  AND 3 - S T O R E Y  FRAMES USED FOR COMPARI SON
OF METHODS OF ANALYSIS
2k
3-5 COMPARISON OF RESULTS FOR COMMON SOURCE OF DATA
In assessing the relative suitability of the programmed methods of 
analysis for use as the basis of the investigation which follows, it is 
desirable to compare the solutions given by the different procedures for 
a common source of data.
To this end, the 2- and 3-storey frames shown in Fig. 6 have been 
analysed for both the unloaded and loaded conditions. The resulting 
frequencies are presented in Table II.
It is observed that the lumped mass, flexible girder approach gives 
good agreement with the exact method, particularly for the more realistic 
cases in which the frames are loaded. Here the deviations are less 
than those normally contained in the estimated values for the loads. 
Moreover, further inspection shows that variations for the 3-storey 
frame are only approximately half those for the corresponding modes in 
the 2-storey frame, indicating that deviations become smaller with an 
increasing number of storeys.
In the case of the shear building method, however, quite significant
deviations are produced. The discrepancies are most pronounced in the
values for fundamental frequency, and appear to increase with an
increasing number of storeys. Since variations are much smaller for
the higher modes, it may be concluded that the effect of joint rotation
diminishes in these frequencies. This point is borne out by the
. . 30results obtained for a 19“storey building by Rubinstein and Hurty .
It is interesting to note that the erroneous procedure used by
25
Exact Lumped Mass, Shear Building
Loading Mode *
Method Flex. Girder Method Method
Condition 03 03 ?i 03 $
(rad/sec) (rad/sec) Deviation (rad/sec) Deviation
2-Storey Frame
1 58.97 57.78 -2.00 77.49 +31.40
Unloaded
2 176.9 159.3 -9.90 174.2 -1.50
1 10.36 IO .30 -0.60 13.93 +34.50
Loaded
2 31-74 30.71 -3.20 33.31 +4.90
3-Storey Frame
1 39.14 38.76 -1.00 57.50 +46.90
Unloaded 2 117.7 III.7 -5.10 138.6 +17.80
3 209.6 184. 4 -12.00 196.1 -6.40
1 7.184 7.169 -0.20 10.71 +49.1$
Loaded 2 22.10 21.74 -1.6$ 26.92 +21•8$
3 39.32 37.83 -3.80 39.99 +1.70
TABUS II. NATURAL FREQUENCIES FOR FRAMES OF FIG. 6
26
Laursen et al brought about the opposite effect. They concluded 
"that although the lumped mass (infinitely stiff girder) results are in 
good agreement with the more exact results for the lowest frequency, 
higher frequencies obtained for the lumped mass idealization cannot be 
relied upon”.
Finally, when consideration is given to the tedious method of 
solution of the exact approach, and bearing in mind the importance of 
the fundamental frequency, it is evident that the lumped mass, flexible 
girder method best satisfies the dual practical requirements of accuracy 




(i) Representative methods of the main categories of dynamic 
analysis procedures have been programmed for solution by digital 
computer, and check results obtained using appropriate examples from the 
literature.
(ii) It is shown that the method used by Laursen et al for the 
exact analysis of frames is in error, and that the correct procedure 
gives appreciably different results.
(iii) Solutions given by the various programmed methods for common 
sources of data have been compared. It is concluded that the lumped 
mass, flexible girder approach is the most efficient method consistent 
with accuracy.
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SECTION DYNAMIC PROPERTIES OF TWO-STOREY, SINGLE-BAY FRAMES
4.1 GENERAL
In this section it is proposed to investigate the effects of 
variations in frame parameters on the natural frequencies of a 
relatively simple structure, namely a 2-storey, single-bay portal.
Considering the large number of calculations required in a study of 
this nature, it is desirable to reduce the unit computation time to a 
practical minimum. When the generalized programme described in Section 
3» 3 for the lumped mass method of analysis is used, quite a large 
proportion of the computer time is involved in synthesizing the frame 
stiffness matrix. If, on the other hand, the stiffness matrix for a 
2-storey frame is formed directly, using the expressions given in 
Appendix E, a significant saving in computation time may be achieved. 
Further, a more direct solution for the eigenvalues may be obtained as 
the roots of the quadratic given by expansion of the frequency equation, 
Eq. (2).
Consequently, a separate programme has been written for 2-storey 
frames incorporating the above features, and is presented as Programme 3 
in Appendix F.
I  <3
F I G . 7. 2 - STOREY,  1-BAY FRAME WITH UNIFORM STOREYS
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4.2 FRAMES WITH UNIFORM STOREYS
Initially the study is confined to frames having the restricted 
characteristics shown in Fig. 7, whereby both storeys have identical 
corresponding components, and the lumped floor masses are equal.
In considering the free vibration properties of such frames, it is 
convenient to determine an expression for the natural frequencies in 
terms of the independent frame variables.
To this end dimensional principles are used in the first instance 
to reduce the number of separate variables. These results then serve 
as a guide in simplifying the frequency equation to obtain a more 
compact relationship.
Dimensional Analysis
When the effects of bending only are taken into account, the frame 
variables are comprised of the following:
E s YoungTs modulus of elasticity (K/in?)
Ic ss moment of inertia of column sections (inf) 
ic ss storey height (in.)
Ig ss moment of inertia of girder sections (inf) 
ig ss bay width (in.) 
m = lumped floor mass (K.sec?/in.)
Noting that the flexural rigidity El may be treated as a single
48variable , an equation may be written in the form 
CD-as fi(EIc, ic, Elg, ig, m),
30
or f2(E Ic, £ c ,  Elg, i g ,  m, to) =  0, (3)
where cd =  natural frequency (rad./sec.).
This last expression may be simplified using Buckingham's tt- 
theorem. Since the dimensions of the problem involve three prime 
concepts (force, length, time), it is possible to replace the six 
variables with three dimensionless parameters, so that 
Fi (?Ti , t2 , tt3) = 0 .
If cd, and EIc are selected respectively as the linear, 
kinematic, and dynamic terms to be used as repeating variables, then the 
TT-terms are obtained as
7Ti =_ Elg _ IgEIc “ Ic'
TTs £ c ’
tt3 = m a ?  £ c ;EIc
Hence
Fi Ig ig m a? ic3 Ic' ic' EIc = 0. W
Simplification of Frequency Equation
In its basic form, the frequency equation from Appendix A is
Det K - or2 m* = 0, (5)
where [K] = stiffness matrix (refer Appendix E), 
and [m*J = -̂ -¡-1- = mass matrix.]






















































Now since the determinant is equated to zero, the rows and columns 
may be multiplied by suitable factors without altering the validity of 
the relationship. Bearing in mind the results obtained by dimensional 
analysis, the following modifications have been made:
ic2Rows 1 and 2 multiplied by
icRows 3 to 6 do.
Cols.l and 2 do.
The revised equation is then
2EIe
ic .
k - oftnic3 1 
¿ E I c  j
-  k ! - 1  
1
- 1 I! -  1  
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Ratio k g / k c
FIG.  8.  VARIATION IN COEFFICIENT C0 WITH RATIO k g / k c  FOR 2 - S T O R E Y  FRAMES
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It will be noticed that the relationship depends simply on the
Iffratio between and irrespective of the individual values.
Hence the expression derived using dimensional analysis now becomes
*  ( :T i l r ^  ! $ !  )  -  °- <»
TIf, for any member, the quantity *j is denoted by k, the previous 
equation may be rewritten as
F2 m lc3 kg EIc > kc = 0,
or <& m <#c3 EIc F3 kc (9)







8 II o o
EIc (10)m i c 3 *
Co = $o ( J fo r  each mode. (11)
Values of the coefficients C0> obtained from computer analyses of 
various frames, are presented in Table III, while the function $o 















TABLE III. VALUES OF COEFFICIENT C0 







FIG.9. 2 - STOREY,  1-BAY FRAME WITH NON-UNIFORM STOREYS
k.3 FRAMES WITH NON-UNIFORM STOBEYS
The investigation is now extended to include frames having the more 
general characteristics indicated in Fig. 9, whereby corresponding 
members in each storey may be different, as also may the lumped floor 
masses.
Expression for Natural Frequencies
The revised equation of variables is
fs(EIC!, EIcs, ¿ci, ¿c2, Elgi, EIgs, ¿g, mi, m2, o>) = 0, (12)
where the subscripts 1 and 2 refer to first- and second-storey terms, 
respectively.
Adopting similar procedures as before, the equation of
dimensionless parameters may be written generally as
f of_ mp ¿Cq^ kgp Igi Ici ¿ci mi ''N__ q
** V EIco ' kc0' Igo' Ic0' ¿c0' mo ) ~ '
where ico, EIco and kco apply to the reference column
kgo and Igo do- girder
mo applies do. floor mass,
and Ici and ici apply to the other column
Igi applies do. girder
mi do. floor mass.
(13)
When all first-storey terms are selected as reference values, the
equation becomes
F5 a? mi Ici3 kgi Ig2 Ic2 ¿c2 m2 EIci 9 kci' Igi' Ici' ¿ci' mi = 0. (1*0
Then the expression for the natural frequencies is
35
■where




fcgi Igp Xcg leg mg 
kci' Igi' Ici' ici' mi
(15)
(16)
Effects of Separate Variations in Parameters from the Uniform Storey 
Criterion
An adequate presentation of the function $- is necessarily limited 
by the large number of parameters involved.
Initially, consideration is given to four particular functions, in 
which variations from the uniform frame occur separately, as follows:
( a ) Ci =  (' M lV, k c i '
I s a  1  1  
i g i '  1  '  1  '
1
(b ) Cg =  (' M i ̂ hoi»
1  M  1 1
( c ) C3 =  ®3 (' M iv, k e i ’ 1  19 9 ¿ C l 9 1
(d ) C4 =  ®4 (' M iV k c i J
1  , 1  , 1  , mg>
mi
(IT)
Here it is noted that Eqs. (10) and (ll) for uniform frames may be 
rewritten in the more general form of Eqs. (15) and (l6), respectively, 
as
" EIcico = C0i
where
mi ¿cj3 9
M iCo = 1 > 1 > 1 > 1
( 1 8 )
(19)
M  iin ■which case the variable is substituted for jjj® in Table III and 
also in Fig. 8.
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FIG. 13. EFFECT OF RATIO I c z / I c j  ON FREQUENCY COEFFICIENT FOR 2-STOREY FRAMES
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Values of 0C, p, etc. corresponding to a range of values of -jSS.,
ICo etc. from 0.5 to 2.0 have been calculated, and the functions 0i: 
02.} etc. plotted as Figs. 10 to 17.
In reviewing these functions, the following significant 
observations are made:
¿0.(i) For both modes, changes in the ratio generally produce the
greatest effect on the frequency coefficient, while the least variation 
is caused by changes in the ratio being almost negligible over the
practical range of values of
jj. jc
(ii) The ratio has a much greater influence than *=-^ on themi Ic i
fundamental frequency (causing larger variations than similar changes in
Jfc Go \-a-* in some cases), but the reverse is true for the second mode, ici
Illustrative Example
The following numerical example is included to illustrate the 
application of the previous results in the manual computation of the 
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»  2.0 - - - - - - - - - -- ------ (J---------- -- ------ ------------------- A
A — - ■










R a t i o  I g 2 / l c j |
FIG. 18,  EFFECT OF SIMULTANEOUS VARIATIONS WITH I g 2/ I g 1






FIG. 19. EFFECT OF SIMULTANEOUS VARIATIONS WITH I c 2 / r c ,
ON FUNDAMENTAL FREQUENCY COEFF I C I ENT - kg , / k c , - 2
R a t i o  i c 2/ 1c j
FIG. 20.  EFFECT OF SIMULTANEOUS VARIATIONS WITH lc2 / l c ,






Ra t i o  m 2 /  ni |
FIG. 21. EFFECT OF SIMULTANEOUS VARIATIONS WITH m2/ m ,








=  1 . 9 1  X  k.kl 
= 8.if2 rad/sec. 
and similarly
CCfe s 6.39 X if.ifl 
= 28.2 rad/sec.
These values agree (to three significant figures) with the computer 
results listed in Fig. if.
Simultaneous Variations from the Uniform Storey Criterion
In general, deviations from the uniform frame occur simultaneously. 
For such cases, let
X C___Co ~ $0 (21)
In attempting to provide a more complete knowledge of the function 
$, it is desirable to investigate variations in X resulting from simple 
combinations of the non-uniform frame parameters.
To this end the graphs of Figs. 18 to 21 have been obtained for the 
typical value of = 2.0, in the case of the fundamental mode only, as
follows:
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(i) Using the information of Figs. 10, 12, etc., values of a, p, 
etc. are plotted against "Jci* etc., respectively, as indicated by 
the middle curve of each Figure.
(ii) Additional curves for each parameter (derived from the results 
of further calculations) show variations in X corresponding to values of 
0.5 and 2.0 for each of the other three variables in turn.
While being extremely limited in their numerical application, these 
diagrams afford an indication of general trends regarding the 
interaction of separate effects. This point is expanded in Section
k.k.
ko
k.k APPROXIMATE METHOD FOR GENERAL FRAME
A procedure is proposed hereunder in •which the information of Figs 
10 to 17 is utilized in the determination of approximate values for the 
natural frequencies of a general 2-storey, single-hay frame.
Small Variations from the Uniform Frame
Using more convenient notation, the Taylor*s expansion for the
function $ is given by
$ ( *21
>*9
I k e P  Vl> Yz’ v3> v4 f ¿Si 1 1 1 10 V kci' ’ ’ ’ x
2:
(Tl"1)^ r  + (v2_1)è  + (V3"1)^  + (V4_1)^
( v x - 1 ) ^  + (v2-l)^l + (v3- l ) ^  + (v4- l ) ^
<S>,
•o





=s 1 + (Vi-1)^~ + _ *0
2! <&0
â
+ V̂2‘1^  + (V3-l}^ i  + J
+ ...
It follows that
1  ( t f ?  T l ' 1 » 1  '  x
S 1 > V2> 1 > 1
(23)
$0 + ( v i - 1 ) ^  + |r(vi-l)2^ i  + • •





= 1 + + a T ^ 1'1)2! ^  + • • •
p = h.
= i + + 2r ^ (vs-1)2© + • • •¿V2k
etc. (25)
For small variations (vi-l), (v2-l), etc., the second- and higher­
order terms of Eqs. (25) and (25) may be neglected.
Hence
X ̂  (CU + (3 + y* + S) — 5«
Alternatively, let
Xa =s (Q£ +  |3 +  Y* + 6) — 3.
Then
and
Ca = C0 Xa ,






Eq. (23) may be rewritten as
X = 1 +
21 ®0
( v i - l ) ^ -  + (v2 - l ) ^  + (v3- l ) ^  + (v4- l ) - ^  _ °o 
|(v i -1)£^-2- + (vs-1)2- ^  + (v3-l)2- ^  + (v4-l)2^ ^
v g  ^
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FIG.  Z3.  COMPARISON OF APPROXI MATE AND EXACT VALUES OF FREQUENCY COEFFI CI ENT
- SECOND MODE
k2
It is observed that extension of the approximation of Eq. (26) to 
the more general case of large variations can be justified only if all 
mixed derivatives are small.
The significance of certain low-order mixed derivatives may be 
appreciated by reference to Figs. 18 to 21.
Consider, for example, the curves of Fig. 18. An indication of
1 ^
the values of the second-order terms , etc. is given by the
rate of variation, for = 1 , of curve gradients relative to that of
the middle curve, 
small.
In this case, for = 2.0, all such terms are
Inspection of the other three Figures reveals similar trends for
the remaining second-order terms, with the exception of those pertaining
Ico Jbcpto the interaction of ■=-—  and 7— .Ici Jo Cl
Thus, neglecting higher-order terms, it is evident that while good 
accuracy cannot be expected in some cases, use of the approximation for 
relatively large variations generally should yield satisfactory results.
For purposes of verification, the procedure given by Eqs. (2 7 ) and 
(28) has been applied to two "extreme” cases, in which
fi) ¿sa _ _ i£ê. _ Se. _ 0.5' Igi Ici ^Ci mi
(ii) do. = 2.0,
and the results compared with exact values for both modes and over the
full range of ratios - refer Figs. 22 and 23.ICC 1
In view of the improbability of encountering such unfavourable
43
combinations in practice, and especially those for Case (ii), the 
agreement obtained may be considered adequate.
Illustrative Example
In order to demonstrate the order of accuracy ■which may be obtained 
for practical variations, the approximate method is used in the analysis 
of the 2-storey frame of Fig. 5.
Data:
E = 30,000 K/in?
Ici = 1*50 inf, Ic2 = 240 inf
ici = 180 in., ic2 = 144 in.
Igi sr 5 >000 inf, Ig2 ss 4,000 inf
ig = 600 in.
mi = 0.294 K.sec?/in., = O.I77 K.sec?/in.
Then
kgi _ 3> 000/600
k c i “  450/ l 8o
= 3.33
.-. (C0)i = 2.645 -1
r From Fig. 8*
(C0)a = 7-537 J
Also
= = 0.80 .-. ax = 0.9953, %  = 0.9905Igi 5>000
Ic2
Ici = 0.53 ßi = 0.9101, fe = 0.8451
* The values stated have been calculated. Use of these in lieu of 





^  = 0 ^ 9 ?
= 0.80 ••• n  =  i . o 8 i i ) - , Tz = 1.2596
= 0.60 ••• 8 1  = 1 . 1 9 3 1 , 5 2  = 1 . 0 8 0 2
From Figs. 10 to 17*
Thus
( l a ) i  =  (o^i +  P i  +  7 i  +  6 1 )  -  3
= 1.1799
and (la)2 = (Ojg + fc + Y2 + §2) - 3  
= 1.1754
Whereby
(0a)l = (Co)l (la)l 
= 3.121
and (Ca)2 = (00)2 (-̂ a)2
= 8.859
Now
e i c i  r  3 0 ,0 0 0  x  4 5 0
mi Jci3 -\j 0.294 X (l80)3
=  2.8060
Hence
(O).), = ( C * h j  ¿ 2 ^
= 3.121 x 2.806
ss 8.758 rad/sec.
and similarly
(cDa)2 = 8.859 X 2.806 
s 24.86 rad/sec.
^5
The approximate frequencies compare favourably with those obtained 
previously on the computer, having deviations of -2.836 and +5-7$, 
respectively.
k6
k,5 EFFECT OF VARIATIONS IN PARAMETERS OH CALCULATED FREQUENCIES
Where frequencies for a general frame have been calculated manually 
as the exact solution of Eq. (2), the preceding methods may be utilized 
in estimating revised values corresponding to minor alterations to the 
data.
In discussing the effects of modifications to a frame, the
individual parameters fall logically into two groups:
(i) Elei, mi, and ici;
di) M i  Isa
U  ; k d ’ Igi' lex' iCl’ and
mg
mi
For constant values of group (ii) variables, C is constant in Eq. 
(15), and revised frequencies resulting from variations in group (i) are 
given by
CDf =  CO EIciT mi fl ci V  EIci mif V^ci'y (31)
On the other hand, if group (ii) variables are modified, with group
(i) constant, revised frequencies are given by
Ca*or of »  o> 77- ,
where Ca is defined by Eq. (28).
(32)
(33)
If is constant, then Eq. (33) reduces to kci
CO la’Xa * (3*0
By way of illustration, the separate effects of changes of ±20$> in 
the variables and ^  have been determined for the frame
47
referred to in the example of Section 4.4 (2-storey frame of Fig. 5), 
and are listed in Table IV.
In each case three values for the revised frequency of are shown:
(i) An exact value derived from a separate computer analysis of 
each modified frame;
(ii) A first approximate value obtained by application of Eq. (¿4);
(iii) A second approximate value, obtained by resubstitution in Eqs. 
(28) and (29), and equivalent to
CO 552 COa X, (35)
It is observed that the approximation of Eq. (34) gives good 
agreement with the exact results, and appears to be preferable to that 
of Eq. (35); this is more evident for -20$ modifications, where the 
revised values of the variables are further removed from the uniform 
frame.
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Revised Frequency co* i(rad/sec.)
Variable Mode 1st Approx. 2nd Approx.
Exact _  m  X.' $ Dev.CD ~  CD *r— •Aa
: Xa* $ Dev.CD*« CD a ^Aa
+20$ Change in Variable
IB s . 1 9.028 9.042 +0.2$ 8.787 -2.7$
Igl 2 23.68 23.68 0.0 25.03 +5.7
lCg 1 9.126 9.243 +1.5 8.982 -1.6
Ici 2 25.03 24.32 -2.8 25.70 +2.7
i£a. 1 8.406 8.525 +1.4 8.285 -1.4ici 2 19.46 19.13 -1-7 20.22 +5.9
1 8.512 8.487 -0.3 8.248 -5.1
mi 2 22.73 22.84 +0.5 24.14 +6.2
-20$ Change in Variable
igg 1 8.989 8.969 -0.2$ 8.716 -3.0$
Igi 2 23.29 23.5O +0.0 24.63 +5.8
1 8.843 8.695 -1-7 8.450 -4.4
Ici 2 21.81 22.66 +5.9 23.95 +9.8
ic 2 1 9-463 9.403 -0.6 9.138 -5 A
¿Cl 2 30.67 30.95 +0.9 52.7I +6.7
ms 1 9.595 9.627 +0.3 9.356 -2.5
mi 2 24.70 24.54 -0.6 25.94 +5.0
TABLE IV. EFFECT OF CHANGES IN INDIVIDUAL VARIABLES 
ON NATURAL FREQUENCIES OF 2-STOREY FRAME OF FIG. 5
k.6 CONCUSSIONS
(i) A study of parameters shows that the natural frequencies of 
2-storey, single-bay frames are given by
r EIciCD = C mi ici° '
where C = $ ( ZSZ-, S£\ h d /  Igi' Id' ¿ci' mj.
(ii) It is found convenient to adopt a frame with uniform storeys 
as a basis, and the corresponding function
C o = ®° (  U p  1  > 1  ’ 1  > 1 )
is plotted for each mode.
(iii) The effects on Co of separate deviations from the uniform 
storey criterion are provided graphically in the form of multiplicative 
factors OCy y, and 5.
(iv) Consideration of limited interaction of variables, in 
conjunction with the Taylor*s expansion for the function yields the 
approximate expression for C, in the case of a general frame, as
Ca = Co â,
■where Xa = (a + £ + y + &) - 3«
(v) Illustrative examples demonstrate the useful application of 
the previous results in -
(a) The rapid manual calculation of frequencies, being exact 
in the case of frames having a single deviation from the 
uniform storey criterion, and giving reasonable accuracy in 
more general circumstances;
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(b) !Ehe estimation of revised frequencies, generally with good 
accuracy, corresponding to minor alterations to data in the 
design stage.
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SECTION 5. GENERAL MULTI-STOREY, SINGLE-BAY FRAMES 
5.1 GENERAL
While the results of Section 4 provide a necessary basis for the 
present aspect of the investigation, their practical application is 
restricted to 2-storey frames. The scope is now widened to include 
general multi-storey, single-bay frames.
Owing to storage difficulties, Programme 2 is limited to single-bay 
frames up to and including 5-storeys high. Further, because of the 
increasingly high computation time involved, it is impracticable to 
pursue the flexible girder approach beyond this level.
It is desirable, however, to have information for frames up to 20- 
or even 50-storeys high. Hence an extrapolation procedure must be 
adopted. This is facilitated by the use of additional programmes for 
the solution of the two extreme cases as follows :
Programme 4. Shear buildings only.
(girder stiffness = oo)
Refer Appendix I
Programme 5« Free cantilevers with lumped masses.
(girder stiffness = 0)
In both programmes the method of matrix iteration is used to find 
fundamental and highest frequencies. A brief review of essential 
theory is presented hereunder.
Alternative Forms of Equations of Motion
Using the stiffness approach, the action - displacement equation 




iQ,} = [K] {q} ,
1
[K]
_ ' K_ii ! Kjg 1 f u \
~  L'Ksil K22"J \'e j *
a= stiffness matrix.
(36)
For free vibration in the lateral direction,
(M) = (0) ,
and substitution in Eq. (36) yields
CH) = [K*] (u) , (37)
where [K*] = reduced stiffness matrix
= [Kn3 - [K12] [K^ f 1 [K2 i ] - Egs. (A38) and (A39).
Alternatively, a flexibility approach may be used, in which the 
relationship between actions and displacements is written in the form
or
where
(q) = [F] (Q) ,
u
~e F21 | F22
H i
M I 9
[F] = flexibility matrix.
(38)
In this case, when the substitution (M) = (0) is made, the modified 
equation becomes simply
(u) = [Fii] (H) , (39)
where [Fn] = [K* ] '1 from comparison with Eq. (37)*
Now proceeding to the equations of motion, the resulting matrix 
expression in the case of the stiffness method, from Appendix A, is 
D) - a? I] {u} = {0) ,
or Ed ] (u ) =  (u) , (^0 )
where [h] =  [m] 1 [K*] ,
in which [m] = mass matrix.
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The corresponding equation in terms of the flexibility matrix is 
obtained directly from Eq. (40), by premultiplying by ̂  [D]"1, as
[D] 1 {u) = {u} , (4l)
■where [D]*1 = [K*]”1 [m]
= [Fh ] [m] .
Matrix Iteration
In applying the iteration method to Eq. (40) a trial modal vector 
{ui3, -with its first component as unity, is selected and premultiplied 
by [D] to give
(yi) = [D] (ui) ,
and hence
{yi) «  aP { ui} .
Thus a first approximation to o? is given by the ratio of any one 
of the components of (yi) to the corresponding component of {ui). For 
the sake of accuracy the ratio of the nth (last) components is used.
(^2)CD yi(n)ui(n)
As a second approximation to the modal vector, (yi) is normalized 
by dividing each of its elements by the first to give
Then using the same procedure as before, an improved value for cd is 
calculated.
The process is repeated until cd converges to a constant value,
which is obtained when {u) converges to a common matrix. It may be
demonstrated that these quantities represent the frequency and modal
SOvector, respectively, for the highest mode .
If, on the other hand, a similar method as above is applied to Eq. 
(ij-l), the iteration converges to the largest value of ~, which 
corresponds to the lowest frequency or fundamental mode.
Stiffness and Flexibility Matrices
With shear buildings, all joint rotation is prevented, and hence 
expressions for the stiffness matrix [K*] and flexibility matrix [Fu] 
are developed fairly simply, as presented in Appendix G.
In the case of a free cantilever with lumped masses, the elements 
of [Fu] may be determined using any of the classical deflection 
methods, such as the conjugate beam method (refer Appendix H).
However, the problem of finding a generalized expression for [K*] 
presents some difficulty. Hence, in Programme [K*] is determined 
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5.2 FRAMES WITH UNIFORM STOREYS
The expression for frequencies obtained in Section 4.2 for frames 
with uniform storeys may be adapted to include general multi-storey 
structures as
®  - Ei-
where Co = $o n ̂  for each mode, (43)
and n = number of storeys.
The variation in the coefficients Co> for the fundamental and 
highest modes, respectively, is shown graphically in Fig. 24. As 
discussed previously, the curves for = 0.25 to 4.0 are extrapolated
beyond n = 5> but guided by the computed curves for ^  = 0 and oo.
It will be noticed that within the range of "real" values of 
the variation in Co for the fundamental mode may be expressed 
approximately as
C0 « -  . ( Wn
Application of this relationship in Eq. (10) gives the same results 
for the period of vibration as obtained by Housner and Brady^ using 
Rayleigh*s method:
(i) For Ic « n,
then œ  « —  ;
*Jn
and T « *s/n , 
where T =  period.
(45)
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(ii) For Ic independent of n,
then « i  n 3
and T « n. ( *6)
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5.3 FRAMES WITH NON-UNIFORM STOREYS
Proceeding in much the same -way as in Section k.J, the frequency- 
equation is now extended to allow for variations in structural
properties from storey to storey, and becomes
a) = C EIcpS qT c o3 9 (Vr)
where C = kgo J Ig i l e i  l e i  mi Ikc0' 9 1 Igo" I cq* I cq* m0 J  i  = 1 , 2 , . . . , n (W)
In this general form, the reference quantities Ic0, Igo> i&o> etc. 
may represent
(a) any convenient values,
or (b) values pertaining to a particular column, girder, and floor 
mass, respectively.
It is obvious at the outset that the problem of describing the 
function $ rapidly becomes large with increasing n. Consequently, it 
is necessary to reduce the list of parameters to a manageable number by 
eliminating
(a) those which, in practice, are unlikely to deviate from the 
uniform storey criterion,
and (b) those for which the usual variations produce negligible effect 
on the frequencies.
(i) Column Lengths
In the case of column lengths lei, it is reasonably certain that 
storey heights will be uniform throughout the building, with the 
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FIG. 25 .  EFFECT OF VARIATIONS IN COLUMN INERTIAS
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FIG. 26. EFFECT OF VARIATIONS IN COLUMN INERTIAS
ON FUNDAMENTAL FREQUENCY COEFFICIENT-kg0/ k c 0 =0
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allow for a mezzanine floor.
(ii) Floor Masses
Similarly, it is accepted practice to assume uniform floor masses 
mi for all storeys except the first and top, these variations being due 
to possible additional weight of the mezzanine, and mechanical equipment, 
at the respective levels.
(iii) Column Inertias
The first serious problem is encountered in considering the column 
inertias Ici, whose values usually change at intervals in the height of 
the structure, being lesser towards the top as the load decreases.
Referring back to Figs. 12 and 13 for the effect of variations in
Jcp on the frequencies of 2-storey frames, it is noticed that this is 
not extremely great, and particularly in the case of the fundamental 
mode, which is frequently the only one considered.
As an indication of the effects of variations in Ici for n > 2,
calculations have been made for = 00 and °> using Programmes 4 and 5>KCo
respectively. In each case values of 1 ) for the fundamental
Icimode, resulting from modifications of the form = 0.5 and 2.0 to 
initially uniform reference frames, are derived (refer Figs. 25 and 26).
It is seen that the effect of a given variation in the moment of 
inertia of the column section becomes progressively smaller towards the 
top of a particular structure. Moreover, there appears to be a general 
lessening of influence of variations in Ici as n increases.
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Thus, disregarding for the moment the situation in which the 
first-storey height is different from the others, it may be appropriate 
to ignore regular variations in Ici and to treat the frame as one 
having a uniform column section with moment of inertia Ic = Ici.
Here it is convenient to refer to results provided by Housner and 
Brady for Case A frames up to 20-storeys high (extension of series shown 
in Fig. ^). These frames have linearly varying Ici, but otherwise 
satisfy the uniform-storey criterion. If now, other frequencies are 
calculated on the basis of Ic = Ici, using Programme 2 up to n = 5 and 
the data of Fig. 2k for n > 5, a reasonable test of the validity of the 
procedure can be obtained by comparison with the known values. The 
results, which are summarized in Table V, show good agreement, 
especially for the fundamental mode.
Returning to the exception, it is obvious that when the first- 
storey height is greater than the uniform value for the storeys above, 
then Ici will have to be given separate consideration also.
(iv) Girder Inertias
The last sequence of parameters to be considered is that of the 
girder inertias Igi. In practice, the floor girders may be reduced in 
size towards the top of the building, owing to decreasing design moment. 
However, the proportionate variation would not be as large as for the 
column inertias Ici.
For 2-storey frames, it was found that changes in Igi





Frame Details* Assume Ie = Ici Housner
Storeys Mode
and Brady
ig Ici kg C0 CD f f
n (in4) (in4) kc (Fig 2k) (rad/sec) (c.p.s.) (c.p.s.)





1 6.217 0.99 0.96





1 i*.96o 0.79 0.76




1 i*.l86 0.665 o.6i*




1 0.33 2.52 0.1*0 0.39
10 450 600 - 150 0.1*5
10 9.5 72.5 11.5 10.1
1 0.21 1.91 0.30 0.30
15 600 850 - 150 0.1*2 12.1*15 9.7 88.3 ll*.0
1 0.155 1.60 0.25 0.25
20 750 1100 - 150 0.1*1
100.1* 16.0 14.420 9.7
IABEE V. EFFECT OF NEGLECTING VARIATIONS IN Ici 
ON CALCULATED FREQUENCIES OF MULTI-STOREY FRAMES
* Common Data: = 2l*0 in., Ic = lM* in.
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In considering general multi-storey frames calculations have been 
made, for the typical value of = 1.0, in which the effects of 
variations in the first and top storey girder inertias on the 
fundamental and highest frequencies of initially uniform reference 
frames are determined. The results (Fig. 2j) indicate that the 
influence of variations in Igi generally diminishes with increasing n.
On the above evidence it would not be unreasonable to disregard 
altogether any variations in Igi.
Again, the proposal is supported by results supplied by Housner and 
Brady for Case A and Case B frames from 5- to 20-storeys high. These 
differ in only one respect - Igi is constant for Case A, but changes at 
5-storey intervals for Case B. Hence variations in the corresponding 
frequencies serve as an indication of the effect of variations in Igi. 
The comparison is provided in Table VI. It is observed that there is 
close agreement between the two sets of results for the fundamental 
mode, while the highest frequencies are identical. Therefore it may be 
concluded that further consideration of the effect of variations in Igi 
is unwarranted.
The prohibitively large list of initial parameters has now been 
reduced to include only those which, in practice, are most likely to 
deviate from the uniform storey criterion, and whose influences are 
significant. An amended expression for the frequency coefficient is
then given by
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No. of Case A Case B



























VJ1 0 1 V>J O O
14.4
TABLE VI. EFFECT OF NEGLECTING VARIATIONS IN Igi 
ON CALCULATED FREQUENCIES OF MULTI-STOREY FRAMES
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c = $ Ms n Mi lei mi mnkcQ' 9 Ic0' mo ' mo
in -which it is assumed that
(49)
Ig o  =  I g l  =  Ig 2  == • •. =s Ig n,
¿go = ¿g,
I c o  =  I c s  =  X C 3  s= . . . s= I C n ,  
¿C o =  ^C2 =  ^C3  =  . . . =  &cn , 
mo =  ms =  m3 as . . .  s  mn_ i .
At this pointy reference is made to the methods employed in Section 
h.J, and the investigation of the function $ restricted to the four
particular relationships -
(a) * Ci = $1
(b) Cg = $2
(c) C3 = $3
(d) C4 = ®4
Mskco' n,
Id
Ic0’ 1 , 1 , 1
kgo
kco' n, 1 ,
ici
ico' 1 , 1
kgS,
kco 1 , 1 ,
Hi mo ’ 1
Mskco’ n, 1 , 1 , 1 ,
Sfi
mo
( 5 0 )
Again these are modified to give -










* For convenience, the same symbols are used as in Section 4.3, although 
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FIG. 31. EFFECT OF RATIO m n / m 0 ON FREQUENCY COEFFICIENT
FOR MULTI -STOREY FRAMES
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Details of the magnitudes of the above factors are provided in 
Figs. 28 to Jl. In each case, curves are plotted only for values of 
0.5 and 2.0 for the respective parameters. For intermediate values, 
interpolation must be used.
It is appreciated that the information supplied is by no means 
complete, in that only fundamental and highest frequencies are dealt 
with, and that the range of frames to which it may be applied directly 
is limited. In spite of these restrictions, the various diagrams serve 
the important function of illustrating general trends regarding the 
separate effects of the parameters.
One prominent feature is that the curves for = 00 and 0, 
respectively, do not always define the limits for the effect of a 
particular variable. This is to be expected from the results obtained 
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E= 3 0 x l 0 3K / i n . 2
FIG. 32 .  5-STOREY EXAMPLE FRAME
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5 A  APPLICATION OF APPROXIMATE PROCEDURES
Here it is desirable to ascertain whether the approximate methods
frames.
Calculation of Frequencies for General Frame
Consider the 5-storey frame of Fig. 32, for which the following are 
chosen as the reference quantities:
Ico = ̂ 00 inf 
iCo = lW* in.
Igo = 600 inf 
&g0 = 2^0 in. 
mo = 0.10352 K.sec2/in.
Then
M o  _ 600/21(0
kco “ ioo/i55 
= 0.90




I d  _ 1000 __
Ic0 “ kÖÖ
2.5 Qi = 1 .06*̂6, c% = 1.0TT5
I d  _ 288 _
ic o ~l5i 2 .0  ßi = 0.6538> 65 = 0 .9693
* Calculated values are used in lieu of interpolated quantities.
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mi 0.15528 ,
m 0 “ 0.10352 ~ ? ••• Ti = 0.9964, r5 = 0.9753
m s 0.20704 „ „
5S = 0.10352 = 2 -° >1 0.8452, 55 = 0.9959
From Figs. 28 to 31*
Thus, from Section 4.4,
(Xa)i = («i + Pi + Tfi + $i) - 5 
= O.56OO
and (Xa)s = ($5 + P5 + T5 + ^5) - 5
=  1.0180
Whereby
(Ca)l =s (Co)l (la)l 
= 0.4790
and (Ca)5 =S (Co)s (^a)s
= 9.211
Wow
EI c q  _  
m o ^ c o 3 “*
30 > 000 X 400 
0.10352 x 1 i w y 3
= 6.2307
Hence
(®.)l =  ( c . ) l ^  ¿ ^ 3
= 0.4790 x 6.2307
= 2.985 rad/sec.
and similarly
(oa)5 = 9.211 X 6.2307 
' = 57.39 rad/sec.
6 T
By comparison, the exact frequencies for the frame obtained using 
Programme 2 are
(<d)i as 3.596 rad/sec.
(o>)5 = 50.06 rad/sec.
It is observed that the approximate values have errors of -17.0$ 
and +14.6$, respectively.
Effect of Variations in Parameters on Calculated Frequencies
Revised frequencies corresponding to variations of ±20$ in the
parameters — > and H75, respectively, have been calculated asIco ^Co mo mo
in Section 4.5, and the results listed in Table VII.
While the first approximate values are generally in good agreement 
with the exact values, exceptions are found in the fundamental 
frequencies for variations in where deviations are about 9$ to 10$.
Nevertheless, with the single exception of the -20$ variation, the 
procedure yields consistently more accurate results than a second 




Revised Frequency cd' (’rad/sec.)
Exact
1st Approx. 
, la’CD* »  CD A a
$ Dev.
2nd Approx. 
. la*0>a «5T= Aa
$ Dev.
+20$ Change in Variable
Ici 1 3.696 3.671 -0.7$ 3.01*7 -17.6$
ICo 5 50.25 51.29 +2.1 58.80 +17.0
& ci 1 3.160 2.881* -8.7 2.391* -2l*.2
Zqq 5 1*9.78 1*9.91* +0.5 57.26 +I5.O
mi 1 3.576 3.582 +0.2 2.971* -16.8
m 0 5 1*9.72 1*9-77 +0.1 57.06 +14.8
m 5 1 3.1*26 3.303 -5.6 2.71*2 -20.0
5 50.01* 5O.O5 -0.0 57.36 +14.6
-20$ Change in Variable
Ici 1 3.1*65 5.502 +1.1$ 2.9O7 -16.1$
Ic0 5 1*9.85 1*8.78 -2.1 55.93 +12.2
Sci 1 l*.0l*2 l*.l*55 +10,2 3.698 -8.5
Sc0 5 50.56 50.28 -0.6 57.61* +ii*. 0
mi 1 5.6I6 3.610 -0.2 2.997 -I7.I















TABLE VII. EFFECT OF CHANGES IN INDIVIDUAL VARIABLES 
ON NATURAL FREQUENCIES OF 5-STOREY FRAME OF FIG. 52
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5.5 DISCUSSION
As noted in Section 5»̂ -> quite large errors result, for the
fundamental mode, from the application of Eq. (jk) in the case of ±20$
variations in *7— -, and to a lesser degree, in In both cases, the^Co mo
procedure magnifies the actual effect of the respective changes on the 
frequency.
This last observation suggests an alternative method, based on the 
assumption that the proportionate effect of a change in each parameter 
is independent of the values of the other parameters.
/¿ClFor example, if the value of is changed, the revised frequency 
may be obtained as
cd1 (u £  , etc. (52)
By way of comparison, a new set of results has been calculated, as
shown in Table VIII. It is seen that a significant improvement in
accuracy is achieved for the cases in question, at slight expense to the
Icifundamental values for variations in ■=— . All other results areICo
basically the same.
If the assumption is applied to the case of simultaneous 
variations, the revised frequency is given by
o>' CD q» (3» x1a  p r  $ * (53)
Of particular interest is the case in which the frame is initially 
uniform, and Eq. (53) reduces to 
CDa = cd (a p y &) ,
Revised Frequency (rad/sec)
Variable Mode Approx.
Exact 8 B 8 Pi 
Q $ Dev.
etc.
-20$ Change in Variable
Ici 1 3.696 3.636 -1.656
Ic0 5 50.25 51.22 +1.9
1 3.160 2.986 -5.5
&co 5 49.78 49.94 +0.5
mi 1 3.576 3.588 +0.5
m0 5 49.72 49.76 +0.1
Hs 1 3.426 3.402 -0.7mo 5 50.04 50.05 -0.0
•20$ Change in Variable
Ici 1 3-465 3.547 +2.4
Ico 5 49.85 48.85 -2.0
i Cl 1 4.042 4.332 +7.2
^Co 5 50.56 50.29 -0.5
mi 1 3.616 3.604 -0.5
m0 5 50.62 50.62 0.0
Bs 1 3.791 3.824 +0.9m0 5 50.09 50. U +0.0
T ART.B vili. EFFECT OF CHANGES IN INDIVIDUAL VARIABLES 
ON NATURAL FREQUENCIES OF 5-STOREY FRAME OF FIG. 52
- ALTERNATIVE METHOD
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i.e. xa = a p r  s. (54)
When Eq. (54) is adopted in lien of Eq. (27) in the approximate 
analysis of the frame of Fig. 32, better agreement with the exact 
results is obtained, as follows:
(coa)i = 3.124 rad/sec. (-13 .1$)
(coa)5 = 57.19 rad/sec. (+14.2$)
Mathematically, this implies that the mixed derivative terms of Eq. 
(30) are better approximated, in this case, by the additional terms 
faulting from multiplication of Eqs. (25), than by rejecting them as 
being negligible.
It must be stressed that no general conclusions should be drawn
from the above isolated example. On the other hand, it seems
reasonable to expect that the alternative procedure may be preferable
for frames of similar proportions to that of Fig. 32, and especially for
similar values of 4 ^  and — . In such cases, the errors should beic0 mo
reduced further by compiling additional information, of the form 
expressed by OL, etc., but relating to a basic frame having, perhaps, 




(i) By eliminating those parameters
(a) for which deviations from the uniform storey criterion are 
unlikely to exist in practice,
or (b) for which the usual variations produce negligible effect 
on the results,
the frequencies of general multi-storey, single-bay frames may be 
written as
a) =  C EI c qm Q Acç? '
where C = kgp Ici lei mi mn \kc0' 3 Ic0' teç>3 m0' m0 J  *
(ii) Applied to the analysis of a typical 5-storey frame, the 
approximate method developed for 2-storey frames is less accurate, with 
an error of 17$ (c.f. 5$ for 2-storey example frame) in the calculated 
fundamental frequency.
(iii) On the basis of a comparison of results obtained for 
variations in parameters, it is suggested that a better approximation 
may be given by
Xa = & P T
(iv) Additional information relating to a different basic frame 
should be compiled if further improvement in accuracy is desired.
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SECTION 6. MULTI-BAY FRAMES
6.1 GENERAL
So far the investigation has been limited to single-bay structures 
only. However, since many buildings are comprised of frames with 
multiple bays, it is necessary to give some consideration to the problem 
of the application of the results of the previous Sections to such 
cases.
In this respect it is desirable to replace the actual multi-bay 
frame by an equivalent single-bay frame having similar dynamic 
properties. It will be demonstrated that this may be achieved by a 
simple procedure based on the assumption that all joints at a given 
floor level undergo the same rotation.
7^
6.2 EQUIVALENT SINGLE-BAY FRAME
As mentioned in: Section 2.3, the effects of assumptions regarding 
joint rotations have been studied by Rubinstein and Hurty^ -with 
reference to a typical 19-storey building. Using the displacement 
approach, allowance was made for the various approximations by 
corresponding modifications to frame stiffness matrices. It was found 
that by assuming equal joint rotations at a given floor level, 
deviations of only 5$ to 6$ were produced for the low modes, with lesser 
values for the high modes.
28Reference is now made to the method used by Goldberg et al which 
is also described in Section 2.3* The method is based on equations 
derived through the application of the same assumption of equal joint 
rotations at a given floor level in simplifying the slope-deflection 
formulae for multi-bay frames.
2E
In modified form these equations are, for the i-th storey:
B . . P-1 P P s
- ( X kci,i ) ei-i + (  1 2 + _ l kci,a + i koi+i,d ) ei
js=l j—i j—i j—i
- ( ¿ ' “ 1*1,3 J 9i*l J ■  “l + “i*l
j=i
u. - u. n
1  1-1
£ c.
M.i 6 . + 6 . 1 i i-l




where k = member "stiffness” =  j  ,
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r=i
p a= number of columns per storey, 
and other symbols have the usual meaning.
It is seen that the same results may he obtained by replacing the 
actual multi-bay frame -with an equivalent single-bay frame having
properties as follows:
Equivalent Single-bay Frame Actual Multi-bay Frame
u ) E = E
(Ü) li•HO ic.l




(v) kgjL = ) kS-i n L_i o
3=^
6.3 FRAMES WITH UNIFORM BAYS
The approximation of Section 6.2 is first applied to multi-bay 
frames for which
Ic, , =s constant, j = 1,.. .,p, 
Igi jand = constant, j = 1 ,  ...,p-l.
Then the stiffness requirements (iv) and (v) for the equivalent 
single-bay frame are given by
(iv) II•HO
H £2 Ic, .
(v)a ^g± = ^g. .
b Igi = ( P - D i g ^  •
Uniform Storeys
Using Programme 2, calculations have been made for two series of 
2-storey frames, having 2- and 3-bays, respectively, and also for the 
corresponding equivalent single-bay frames. The results are compared 
in Table IX.
It is observed that the maximum deviation for either mode is less 
than 2$. In addition, since deviations for the 3-bay frames are 
smaller than those for the 2-bay frames, it may be concluded that the 
approximation improves with the number of bays in the actual frame.
This is to be expected because the actual joint rotations are more 
nearly equal to the average.
Before leaving this category, it might be opportune to mention some
2 34 35discrepancies in results given by Ifrim ' for the exact solutions
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Actual Frames* Equiv. Single-
f
Deviai2-bay(p = 3) 3-bay (p = 4) bay Frames iions
Ic = 200 in.4 Ic = 150 in.4 Ic = 300 in.4
Ig
(in4)




































































TABLE IX. NATURAL FREQUENCIES FOR FRAMES 
WITH UNIFORM BAYS AND UNIFORM STOREYS
* Common Data: &c = l W  in.j — 288 in.





4 00í * 4 0 0  i n 4

















3 0 0 "---------- 4--------------  3 0 0 “
Actual  Frame
1=800 in .4
Equi va l ent  Single-bay Frame
FIG. 33 3 -STOREY, 2-BAY EXAMPLE FRAME
for the fundamental frequencies of 2-bay shear buildings. These 
results have been checked using Programme k, and where applicable, also 
by Programme 2.
It is not desirable to duplicate the data included by If rim for the 
various frames. However, a comparison of results is given in Table X 
for information, the fundamental frequencies being expressed in the form
® 1  = Cl\f m o X 0 •
While the variations are only small, they are significant from the 
point o-f view of the accuracy of the deviations listed by Ifrim for 
other results obtained by approximate methods.
Non-uniform Storeys
Fig. 33 gives details of a steel frame (E = 30,000 K/in.2 ) having 
two uniform bays and three non-uniform storeys. Also shown is the 
equivalent single-bay frame. Both have been analysed using Programme 







1 6.661 rad/sec. 6.789 rad/sec. +I.9/0
2 16.856 17.108 +1.5
3 29.^00 29.609 +0.7
Again, good agreement is obtained for all modes.
Frame No. of Storeys * 
n
Coefficient Ci
Reference Ifrim Prog. 4
Ref. 34
Ex. 1 3 ik27 4.260
Ex. 2 6 2.1(65 2.375
Ref. 35 
(Ref. 2)















TABLE X. FUNDAMENTAL FREQUENCY COEFFICIENTS 





1  = 300 in.4 600 300
m = 0 . 3  K.sec2 / ’in.
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Equivalent  S i n g l e - b a y  Frame
FIG. 34 .  E-STOREY, 3-BAY EXAMPLE FRAME
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6.k FRAMES WITH NON-UNIFORM BAYS
As an example of the general case, consider the 3-hay, 2-storey 
frame of Fig. ~5>K. It will he noticed that the central hay has a 
greater width than the other two, with corresponding variation in girder 
inertias. In addition, the internal column sections are different from 
those on the external walls.
The equivalent single-bay frame is determined hy choosing a 
suitable bay width, and then calculating moments of inertia to satisfy 
the stiffness requirements (iv) and (v) specified in Section 6.2. Such 
a frame is shown also in Fig. 3^«
The comparison of resulting frequencies is given below:
Mode Actual Equiv. Single­ 1°
Frame bay Frame Deviation
1 8.652 rad/sec. 8.688 rad/sec. +0.i$
2 22.899 22.9^9 +0.2




(i) A simple procedure has been determined by which any multi-bay 
frame may be replaced with an equivalent single-bay frame for purposes 
of dynamic analysis. The procedure is based on the assumption that all 
joints at a given floor level undergo the same rotation.
(ii) It has been demonstrated by reference to varied examples that 
the procedure gives results with only 1$ to 2$ inaccuracy for frames up 
to 3-storeys high.
(iii) As an indication of the errors involved in higher-storey 
frames, the results provided by Rubinstein and Hurty^ for a typical 
19-storey building show only 5$ "to 6$ deviation for the case in which 
the same assumption regarding joint rotations is made.
(iv) Thus, earlier results may be adapted to the analysis of a 
multi-bay frame once it has been replaced by its equivalent single-bay
frame.
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SECTION 7* SUMMARY OF CONCLUSIONS
For convenience, the various conclusions of the investigation are 
summarized hereunder.
Comparison of Representative Methods of Analysis
(i) Representative methods of the main categories of dynamic 
analysis procedures have been programmed for solution by digital 
computer, and check results obtained using appropriate examples from the 
literature.
22(ii) It is shown that the method used by Laursen et al for the 
"exact" analysis of frames is in error, and that the correct procedure 
gives appreciably different results.
( iii ) Solutions given by the various programmed methods for common 
sources of data have been compared. It is concluded that the "lumped 
mass, flexible girder" approach is the most efficient method consistent 
with accuracy.
Dynamic Properties of Two-storey, Single-bay Frames
(iv) A study of parameters shows that the natural frequencies of 
2-storey, single-bay frames are given by
where
(v) It is found convenient to adopt a frame with uniform storeys 
as a basis, and the corresponding function
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1 , 1 , 1 )
is plotted for each mode.
(vi) The effects on C0 of separate deviations from the uniform
storey criterion are provided graphically in the form of multiplicative 
factors <2, (3, y, and 6.
(vii) Consideration of limited interaction of variables, in 
conjunction with the Taylor’s expansion for the function $, yields the 
approximate expression for C, in the case of a general frame, as
where Xa = (& + {3 + x + 8) -3*
(viii)Illustrative examples demonstrate the useful application of 
the previous results in -
(a) The rapid manual calculation of frequencies, being exact 
in the case of frames having a single deviation from the 
uniform storey criterion, and giving reasonable accuracy in 
more general circumstances;
(b) The estimation of revised frequencies, generally with good 
accuracy, corresponding to minor alterations to data in the 
design stage.
General Multi-storey, Single-bay Frames
(ix) By eliminating those parameters
(a) for which deviations from the uniform storey criterion are
unlikely to exist in practice,
Ca = Cq -̂a,
Sk
or (b) for which the usual variations produce negligible effect 
on the results,
the frequencies of general multi-storey, single-bay frames may be 
written as
approximate method developed for 2-storey frames is less accurate, with 
an error of 17$ (c.f. 3$ for 2-storey example frame) in the calculated 
fundamental frequency.
(xi) On the basis of a comparison of results obtained for 
variations in parameters, it is suggested that a better approximation 
may be given by
(xii)Additional information relating to a different basic frame 
should be compiled if further improvement in accuracy is desired.
Multi-bay Frames
(xiii)A simple procedure has been determined by which any multi-bay 
frame may be replaced with an equivalent single-bay frame for purposes 
of dynamic analysis. The procedure is based on the assumption that all 
Joints at a given floor level undergo the same rotation.
(xiv)lt has been demonstrated by reference to varied examples that 
the procedure gives results with only 1* to 2$ inaccuracy for frames up
where
(x) Applied to the analysis of a typical 5-storey frame, the
la = Ot P T 5.
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to 3-storeys high.
(xv) As an indication of the errors involved in higher-storey- 
frames, the results provided by Rubinstein and Hurty^0 for a typical 
19-storey building show only 5$ to 6f> deviation for the case in which 
the same assumption regarding joint rotations is made.
(xvi) Thus, earlier results may be adapted to the analysis of a 
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APPENDIX A. DEVELOPMENT OF GENERALIZED METHODS OF ANALYSIS
Al. EXACT METHOD
Free Vibration of a Slender, Elastic Beam
The differential equation of motion for the transverse vibration of 
a uniform, inextensible beam, neglecting the effects of shear 
deformations and rotational inertia, may be obtained as
El H = p(x,t), (Al)
■where El = flexural rigidity,
\i = mass per unit length, 
y(x,t) = deflection, and
p(x,t) = intensity of external dynamic load.
In any normal mode, by definition, 
p(x,t) = 0,
and therefore in such a case the above equation reduces to
El + n = 0. (A2)
Further, since a normal mode is one in ■which all points on the beam 
vibrate in phase with one another, the deflection may be represented as 
y(x,t) = $(x) F(t), (A3)
where $(x) = characteristic shape function,
and F(t) = time function, of the beam.
Hence
1 #  = ®(x) f p r  F ( t ) ,
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and | ^  = F(t) g ,  * ( x )
Substitution of these expressions into Eq. (A2) yields 
EI F(t) g *  Q(x) + |i ®(x) F(t) = 0,





In this equation, since the left side varies only with x and the 
right side only •with t, each must be equal to a constant, which for 
convenience will be taken as o^. Thus it is possible to write the two 
uncoupled equations
(a) dt‘ F(t) + F(t) = 0, and (A5)
(t) g *  *U) - $(x) = °-
The solution of the first of these is
F(t) = Ci sin cut + C2 cos cut, (A6)
which merely indicates that the time function is harmonic with natural
circular frequency cu.
The solution for the shape function is
$(x) = A cosh ax + B sinh ax + C cos ax + D sin ax,
4. ti a?where a = *
(a t )
(A S )
Dynamic Member Stiffness Matrix
At any instant, the deflection curve is represented to some scale 
by the shape function.
Y
i










Let y(x) = Ax cosh ax + Bi sinh ax + Ci cos ax + Di sin ax 
•• 0(x) = y'(x)
= a(Ai sinh ax + Bi cosh ax - Ci sin ax + Di cos ax)
M(x) = El y”(x) (A9)
= El a2 (Ai cosh ax + Bi sinh ax - Ci cos ax - Di sin ax) 
S(x) = El y ™  (x)
= El a3(Ai sinh ax + Bi cosh ax + Ci sin ax - Di cos ax)
Sign conventions for terns in Eqs. (A9) are indicated in Fig. Al.
Now consider the arbitrary frame member of Fig. A2, for which the 
end actions and deformations are shown. Adopting the notation 
C s cosh a , S = sinh ai, c = cos and s = sin 
the boundary conditions are
- e ± = 0(0)
= a(Bi + Di)
0. = 0U)tJ
= a(Ai S + Bi C - Ci s + Di c)
(A10)
= y(°)
= Al + Cl
y. = y(i)J
= Ai C + Bi S + Ci c + Di s
and
M. = M(0)1
= El a2 (Ai - Ci)
M = M(e )
= El a2 (Ai C + Bi S - Ci c - Di s) (All)
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S± = S(0)
= El as (B1 - Di)
- = S(i)
= El a3(Ai S + Bi C + Ci s - Dx c)
Writing Eqs. (A10) in matrix form,
f \
e. 0 -a 0 -a Aii
0.
1 J
aS aC -as ac Bi
► - S <
yi 1 0 1 0 Ci
C S c s Di
or symbolically, {r} = [W] {e}.m
Likewise, Eqs. (All) may be written as
f N • \
M. 1 0 -1 0 Ail
M. c s -c -s Bi
< J > = El a2 <
S. 0 a 0 -a Cil
s. -aS -aC -as ac Di1 i J V 4
{R} = [U] (e).m
(A12)
(A13)or symbolically,
Premultiplying both sides of Eq. (A12) by [W] 1 gives 
ie) = [W ]_1 {r)m ,
which on being substituted in Eq. (A13) yields
(r ) = [U] Dr]"1 [r] • (aU)m m
The quantity [U] [W]_1 in Eq. (AHO relates end actions {R)m to 
corresponding deformations (r)m , and thus represents the dynamic 
member stiffness matrix [kd 3̂ , where
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{R} = [kj {r}m d m  m (A15)
In order to determine a general expression for [k̂  ] , the inversed m
of [W] is first found by the method of cofactors to be
a(Cs-Sc) -a(S-s) a2 (l-Cc-Ss) a2 (C-c)
1 -a(l-Cc+Ss) a(C-c) a2 (Cs+Sc) -a2 (S+s)
““ 2a2 (l-Cc) -a(Cs-Sc) a(S-s) a2 (l-Cc+Ss) 0101
-a(l-Cc-Ss) -a(C-c) -a2 (Cs+Sc) a2 (S+s)
Premultiplication by [U] gives
[k. ] =a m
El
1-Cc
a - a -P P
- a a P -P
-P P r -r










^ as a2 (C-c) 
X = a3(S+s)
(AIT)
The relation established by Eq. (A15) for an arbitrary member may 
be extended to include the entire frame so that







combines the dynamic stiffness matrices of the n unassembled members
u i. H i
T7TT77 777777
D i s p l a c e m e n t  V e c t o r
A c t i o n  V e c t o r
FIG. A3
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Dynamic Frame Stiffness Matrix
For the assembled frame, the dynamic stiffness matrix [K^] may be 
obtained exactly as for the static case using the expression
[Kd ] = [t]T [kj [t], (A20)
•where the displacement transformation matrix [t] links member 
deformations {r} to the independent joint displacements {q} according to 
the compatibility equation
{r} = [t] {q}. (A21)
The significance of [K^] lies in the relationship
{Q} = [Kd ] {q}, (A22)
in -which {Q} denotes the external actions corresponding to joint 
di splac ement s {q }.
Equilibrium Equations
Two equilibrium conditions must be satisfied :
(i) Sidesway forces must be in equilibrium,
(ii) Joint moments must be in equilibrium.
Consequently it is convenient
fjal _ Leu-i-HM-' .M J Kdgi | Kdpp_ _
to partition Eq. (A22) so that
-g-r (refer Fig. A3). (A23)
In the case of free vibration, the lateral forces comprise only the 
elastic reactions £h ) induced by displacements and the inertia
forces [m] {u}, where [m] represents a diagonal matrix of girder masses, 
including any superimposed dead load. Hence the sidesway equilibrium 
equations may be expressed as
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{H} + [m] tii) = {0},
or [KdnIKdia] [m] (ii) = {0). (A2^)
For harmonic motion, the lateral accelerations {ii} are given by
{ii} = - a? {u}, (A25)
where cd =  natural circular frequency for particular mode.
Substituting in Eq. (A2*0,
[K d iilK d i2 ] ^  W  ^
With regard to joint moments, the equilibrium equation for free 
vibration is simply 
{M} = {0},
(A26)
or [Kd2i!Kd2 2] uV {o}. (A2T)
K d n  | Kdi2 r _ u A . ^ " m !_o_"
Kd21 ! Kd22 J l 6 J o ! o _
Eqs. (A26) and (A27) may be combined to form a single expression
[-!-}•- (0). (A28)
Using the notation 
[m*] =
then Eq. (A28) becomes
m 0 "
_ 0 0 J
or
[Kd ] {q} - o? [m*] {q} = {0}. 
[K^ - o? m*] {q} = {0}. (A29)
Natural Frequencies
For non-zero values of {q} in Eq. (A29);
then
Det K , - m* d = 0.
(A30)
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Since [Kd ] is a function of co, a trial and error procedure is 




A2. LUMPED MASS APPROACH 
A2.1 FRAMES WITH FLEXIBLE GIRDERS 
Member Stiffness Matrix
Using the lumped mass approximation, the frame is assumed to 
consist of massless members, -with the total mass of the structure 
concentrated in rigid lumps at the floor levels.
Hence, in the absence of inertial effects, the stiffness matrix for 
an arbitrary member will be the same as for the static case. If the 
end actions And-deformations {r}^ are defined as before, then [k]^
is obtained by reference to Fig. A*f as




-2i'? klz 6b -6b
-61 61 12 -12
61 -61 -12 12
(A31)
Frame Stiffness Matrix
Again, the stiffness matrix for the synthesized1 frame is given by
[K] = [tf [k] [t], (A32)
where the terms have the same meaning as described for the exact method. 




K n  I K12 u
~eK21 I K22
Here it is convenient to determine a reduced stiffness matrix
(A33)




expansion of Eq. (A33) gives
(H) = [K ii] {u} + [K ^ ] [ e ] ,  {P$k)
and {0} = [K2i ] {u } + [K22] {0}. (A35)
From Eq. (A35)>
[K¿2 ] (0) = - Dfei] {u ).
Then premultiply both sides by [K^]”1 to yield
{0} = - [K2 2 ] ’ 1 [K2i ] (u ). (A36)
Substitution of Eq. (A36) in Eq. (A3*0 gives
(H) = [K11 - Ki2 K^s" 1 K21] {u }. (A37)
Eq. (A37) may be -written in the form
(H) = [K*] {u }, (A38)
where [K*] is the reduced stiffness matrix given by the expression
[K*] = [K1 1 ] - [Kj^] [K22] 1 [Kgi]. (A39)
Equilibrium Equations
Using Eq. (A38), a single expression for the equations of motion is 
written as
{h } + [m] {u} = {0},
or [K* - a? m] {u} = (0). (kho)
Premultiplication by [m]“1 gives
[m’1 K* - I] {u} = {0}, {kbl)
in which [i] = unit matrix.
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Let
[D] = [m r 1 [K*]. (Ak2)
Then Eq. (A^l) becomes
[D - ccP I] {u} = {0}. (Akj)
Natural Frequencies
For non-zero values of {u} in Eq. (Akj), then
Det D - d2 I = 0. (Akk)
Since [D] is independent of o>, Eq. (A^3) represents the formulation 
of an eigenvalue problem, for -which a direct solution - corresponding to 
the solution of Eq. (Akk) - is available.
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A2.2 SHEAR BUILDINGS
When floor girders are assumed to be infinitely rigid, all joint 
rotation is prevented, so that
{e} = {o}.
Substitution in Eq. (A3*0 gives
{H} = [Kn] {u}, (A^5)
whereby the reduced stiffness matrix is obtained as
[K*] = [KU ]. (Ab6)
Otherwise, the analysis is the same as for A2.1.
APPENDIX B. COMPUTER PROGRAMMES
FOR GENERAL FRAMES
io§













DO 20 J=1,NDF 










C MEMBER STIFFNESS MATRIX
53 ACCEPT,W 
L=C
DO 60 1 = 1 ,NM 
I F(MK( I ) - L > 5 5 ,5 8 ,5 5  
55 L = M K ( I )
A = ( U ( I ) * W * W / ( E ( I ) * X I ( I ) ) ) * * . 2 5  
X=A*XL(I )




S INHX=(EPX-EMX)/2.  
C0SHX=(EPX+EMX)/2.







Z ( 1 , 1 ) «ALPHA
Z ( 1 ,2)=-XALPHA





Z (2 ,4 )= -B E T A





DO 56 N=1,M1 
56 Z (M ,N )= Z (N ,M )
58 11=1-1
DO 60 K=1, 4  
DO 60 J = 1 , 4  
J 1 = 4 * 1 1+J
60 X K (J 1 ,K ) = F * Z ( J ,K )
C FRAME STIFFNESS MATRIX 
DO 70 J=1,NDF  
DO 70 I = 1 ,NM4 
X K T ( I , J )= C .
DO 7C K=1,4
L = ( l - 1 ) / 4
N=4*L+K
I F ( T ( N , J ) ) 6 8 , 7 C , 6 8  




DO 80 1 = 1 ,J 
STF( I , J )=C.
DO 80 K=1, NM4 
I F ( T ( K , 0 ) 7 1 , 8 0 , 7 1
71 IF ( X K T ( K ,J ) ) 7 2 ,8 C , 7 2
72 STF( I , J )=STF( I , J ) + T ( K , I ) * X K T (K ,J ) 
80 CONTINUE
DO 90 l=2,NDF  
11=1-1
DO 90 J = 1 , 11 
90 S T F ( I , J ) = S T F ( J , I )
C DETERMINANT EVALUATION 
DO 100 1 = 1 ,NHL
IOC STF( 1 , 1 ) = S T F ( I , I ) -W *W *X M ( l )
N=NDF 
VALUE=1.
131 BIG=ABSF(STF( 1 , 1 ) )
M=1
DO 14C K=2,N
IF ( B I G - A B S F ( S T F ( 1 ,K ) ) ) 1 3 5 ,1 4 0 ,1 4 0  
135 M=K
BlG=ABSF(STF( 1 , M ) )
140 CONTINUE
BlG=STF( 1 ,M)
I F (M-1 ) 1 5 5 , 155 ,145
145 VALUE=-VALUE 
DO 150 1 = 1 ,N 
SAVE=STF( 1 , 1 )
STF( 1 , 1 )=STF( I , M )
150 STF (I ,M)=SAVE  
155 DO 165 1 = 2 ,N
I F (STF( 1, 1 ) ) 1 6 C , 165,160  
160 RAT 10=STF( 1 , 1 ) /S T F ( 1 , 1 )
DO 165 J=1,N
S T F ( I , J )=STF( I , J ) -R A T I0 *S T F ( 1 , J ) 
165 CONTINUE 
N U N -1
DO 17C J=1,N1  
DO 17C 1 = 1 ,N1 
170 STF ( I , J )= S T F ( 1 + 1 , J+1 ) 
VALUE=VALUE*BIG 
N=N-1
I F ( N - 1 ) 2C0,2 0 0 ,1 3 1  





C PROGRAMME 2 -  LUMPED MASS APPROACH
C PHASE 1
C SENSE SWITCH 1 ON- SHEAR BUILDING ASSUMPTION
C SENSE SWITCH 1 OFF- NO RESTRICTION ON JOINT ROTATION
DIMENSION M K ( 1 5 ) , E ( 1 5 ) , X I ( 1 5 ) , XL( 1 5 ) , T (6C, 1 5 ) ,X M (5 ) 
DIMENSION Z ( 4 , 4 ) , X K ( 6 C , 4 ) , X K T ( 6 C , 1 5 ) , STF( 1 5 , 1 5 ) ,B (1 C )  





DO 1C 1 = 1 ,NM
1C R E A D , M K ( I ) , E ( I ) , X I ( I ) , X L ( I  )
DO 20 J=1,NDF  
DO 20 I =1, NM4 
2C T ( I , J )= C .
25 R E A D , I , J ,T IJ
I F ( I - 9 9 ) 3 0 , 4 0 , 4 0  
30 T ( I , J ) =T IJ  
GO TO 25
40 DO 50 1 = 1 ,NHL 
50 READ,XM(I)
C MEMBER STIFFNESS MATRIX 
L=C
DO 60 1 = 1 ,NM
Ill
I F(MK( I ) - L > 5 5 ,5 8 ,5 5  
55 L = M K ( I )
F=E( I ) * X I ( I ) / X L ( I ) * * 3  
Z ( 1 , 1 ) = 4 . * X L ( I ) * X L ( l  )
Z ( 2 , 1 ) = - 2 . * X L ( I ) * X L ( I  ) 
Z ( 3 , 1 ) = - 6 . * X L ( l ) 
Z ( 4 , 1 ) = 6 . * X L ( I )
Z ( 1 , 2 ) =Z ( 2 ,1  )
Z ( 2 , 2 ) = Z ( 1 , 1 )  
Z ( 3 , 2 ) = Z ( 4 , 1 ) 
Z ( 4 , 2 ) = Z ( 3 , 1 )
Z ( 1 , 3 ) = Z ( 3 , 1) 
Z ( 2 , 3 ) = Z ( 4 , 1 )  
Z ( 3 , 3 ) = 1 2 .
Z ( 4 , 3 ) = - 1 2 .
Z ( 1 , 4 ) = Z ( 4 , 1) 
Z ( 2 , 4 ) = Z ( 3 , 1 )  
Z ( 3 , 4 ) = - 1 2 .
Z ( 4 , 4 ) = 1 2 .
58 11=1-1
DO 60 K=1,4  
DO 60 J = 1 , 4  
J 1 = 4 * 1 1+J
6C X K (J 1, K ) = F * Z ( J , K )
C FRAME STIFFNESS MATRIX




67 DO 7G J=1,M  
DO 70 1 = 1 ,NM4 
XKT( I , J )= C .
DO 70 K=1, 4
L = ( l - 1 ) / 4
N=4*L+K
I F ( T ( N , J ) ) 6 8 , 7 C , 68
68 XKT( I , J)=XKT ( I , J ) + X K ( I , K ) * T ( N , J )
70 CONTINUE
DO 80 J=1,M  
DO 80 1 = 1 ,J 
S T F ( I , J ) = C .
DO 80 K=1,NM%
I F ( T ( K , l ) ) 7 1 , 8 C , 7 1
71 IF ( X K T ( K ,J ) ) 7 2 ,8 G , 7 2
72 STF( I , J )= S T F ( I , J ) + T ( K , I ) * X K T ( K , J ) 
80 CONTINUE
DO 90 I = 2 , M 
I 1=1-1
DO 90 J = 1 , I 1 
90 STF ( I , J )= S T F (J , I )
113
C REDUCED STIFFNESS MATRIX 





DO ICC I = 1 ,M
B ( I ) = C .
IUNHL+1  
DO ICC J=1,M  
J 1=NHL+J
ICC B( I ) = B ( l ) + S T F ( I 1 , J 1 ) * S T F ( J 1 ,K 1 )
6= 0 ,
DC 11C I =1 ,M 
11=NHL+I
1 1C G=G+STF(K1, 11 ) * B ( I )
G=-G+STF(K1 ,K 1 )
S T F (K 1 ,K 1 )= 1 . /G  
DO 120 1 = 1 ,M 
I 1=NHL+I
12C S T F (1 1 ,K 1 ) = - B ( l ) * S T F ( K 1 , K 1 )
DO 122 J=1,M  
C (J )= C .
J 1=NHL+J 
DO 122 I = 1 ,M
114
11=NHL+I
122 C (J )= C (J )+ S T F (K 1 , 1 1 ) * S T F ( I 1 , J 1 )
DO 124 J=1,M  
J 1=NHL+J
124 S T F (K 1 ,J 1 )= -C (J ) * S T F (K 1 ,K 1 )
DO 126 I = 1 ,M 
DO 126 J=1,M  
11=NHL+I 
J 1=NHL+J
126 STF( I 1 , J 1)=STF( 11 , J 1) - B ( I ) * S T F ( K l , J 1)
DO 128 J=1,NHL  
DO 128 I = 1 ,NJM 




128 S T F X 1 ( I , J ) = S T F X 1 ( I , J ) + S T F ( I 1 ,K 1 ) *S T F (K 1 ,J )  
DO 130 J=1,NHL 
DO 130 1 = 1 ,J 
STFX2( I , J )= C .
DO 13C K=1,NJM 
KUNHL+K
130 STFX2( I , J ) = S T F X 2 ( I , J ) + S T F ( I ,K 1 ) * S T F X 1  (K ,J )  
DO 135 J=1,NHL  
DO 135 1 = 1 ,J
115
135 STFX( I , J )=STF( I , J ) - S T F X 2 ( I , J ) 
DO 136 I = 2 , NHL
11 =  1-1
DO 136 J = 1 , I 1
136 S T F X ( I , J )=STFX( J , I )
GO TO 143
141 DO 142 J=1,NHL  
DO 142 1 = 1 ,NHL
142 S T F X ( I , J ) = S T F ( I , J )
C D MATRIX
143 DO 150 J=1,NHL  
DO 150 1 = 1 ,NHL
150 D ( l , J ) = S T F X ( I , J ) / X M ( I )
C OUTPUT
PUNCH,NM,NHL 
DO 16C 1 = 1 ,NH
160 P U N C H , M K ( I ) , E ( I ) , X I ( I ) , XL( I ) 
DO 17C 1 = 1 ,NHL 
170 PUNCH,XM(I)
DO 18C J=1,NHL  
DO 180 1 = 1 ,NHL 




C PROGRAMME 2 -  LUMPED MASS APPROACH
C PHASE 2 /  VERSION 1 -  EQUAL FLOOR MASSES ONLY 
DIMENSION M K ( 1 5 ) , E ( 1 5 ) , X I ( 1 5 ) , X L ( 1 5 ) , X M ( 5 )  
DIMENSION D ( 5 , 5 ) , S ( 5 , 5 ) , R ( 5 ) , W ( 5 ) , C O E F F ( 5 )
C INPUT
185 READ,NM,NHL 
DO 190 I = 1 ,NM
190 R E A D , M K ( I ) , E ( I ) , XI ( I  ) , X L ( I  )
DO 195 1 = 1 ,NHL 
195 READ,XM(I)
DO 2CC J = 1 , NHL 
DO 2CC 1 = 1 ,NHL
200 R E A D ,D ( I ,J )
I F (NHL—1)2 C 1 ,460 ,201
201 SMALL=ABSF(D( 1 , 1 ) )
DO 2C5 J=2,NHL
DO 205 l= 1 ,J  
I F ( D( I , J ) ) 2 0 2 , 2 0 5 ,202
202 I F (ABSF(D ( I , J ) )-SMALL)2C3,2 0 5 ,2 0 5  
2C3 SMALL=ABSF(D ( I , J ) )
205 CONTINUE
DELTA=SMALL/1.E1C 
C EIGENVALUES ETC 
I ND IC=C
DO 21C I = 1 ,NHL
117
DO 21C J=1,NHL  
21C S ( l , J ) = 0 .
DO 220 1 = 1 ,NHL 
220 S ( l , l ) = 1 .
SUM=C.
NN=NHL-1 
DO 23C I = 1 ,NN 
K=l +1
DO 23C J=K,NHL 





260 IF (V F -A B S F (D (J ,K ) ) )2 7 C ,3 8 C ,3 8 C  
27C I ND IC=1 
Y=-D ( J , K)
Z I = . 5 * ( D ( J , J ) - D ( K , K ) )
V = Y / (S Q R T F (Y *Y + Z I *Z I ) )
I F ( Z l ) 2 8 C ,2 9 C ,290 
280 V=-V
290 SN=V/(SQRTF( 2 . * ( 1 ,+SQRTF( 1 . - V * V ) ) ) )  
CS=SQRTF(1.-SN*SN)
IF ( B O X - .5 ) 3 1 C ,3 1 0 ,3 0 0  
300 S (J ,J )= C S
118
S (K ,J )= -S N  
S (J ,K )=SN  
S(K,K)=CS
31C H 0L D 1=D (J ,J )*C S *C S +D (K ,K )*S N *S N -2 .*D (J ,K )*S N *C S  
H0LD2=D(J, J )*SN*SN+D(K ,K)*CS*CS+2. * D ( J , K)*SN*CS 
DO 320 1 = 1 ,NHL 
R ( l ) = D ( I , J ) * C S - D ( I , K ) * S N  
D ( I , K )=D( I , J ) *S N + D ( I , K)*CS 
320 D( I , J ) = R ( I )
I F ( B 0 X - . 5 ) 3 4 0 , 3 4 0 ,3 3 0  
33C B0X=C.
GO TO 360
340 DO 350 1=1,NHL
R ( I ) = S ( I , J ) * C S - S ( I , K)*SN 
S ( l , K ) = S ( I , J ) * S N + S ( I , K ) * C S  
350 S ( I , J ) = R ( I )
360 D ( J , J)=H0LD1 
D(K,K)=H0LD2  
D ( J , K ) = 0 .
DO 37C 1 = 1 ,NHL 
D ( J , 1 )= D ( I , J )
370 D ( K , I ) = D ( I  ,K )
38C IF (J -K + 1 )3 9 0 ,4 C C ,4 0 C  
390 J=J+1
GO TO 260
4C0 IF (K -N H L )4 I C , 4 2 0 ,4 4 0  
410 K=K+1
GO TO 250 
42C TEST=INDIC
I F ( T E S T - . 5 ) 4 4 0 , 4 3 0 ,4 3 0  
430 INDIC=C 
GO TO 240
440 IF (DELTA-VF)45C,46C,46C  
450 VF=VF/1C.
GO TO 240
460 DO 470 1 = 1 ,NHL 
470 W ( I ) = S Q R T F ( D ( I , I ) )
OUTPUT
L=C
DO 5CC 1 = 1 ,NM 
I F ( M K ( I ) - L ) 4 8 0 , 500 ,480  
480 L = M K ( I )
PRINT 4 9 0 , I , E ( I ) , X I ( I ) , XL( I ) 
49C FORMAT( 1 3 , 3 F 1 0 .1 )
50C CONTINUE 
PRINT 510 
510 FORMAT( / )
DO 520 1 = 1 ,NHL 
520 PRINT 5 3 0 , I , X M ( I )
530 FORMAT( 1 3 , F I O . 5 )
PRINT 540  
540 FORMAT( / )
DO 550 1 = 1 ,NHL 
550 PRINT 5 6 0 , I , W ( I )  
560 FORMAT(13 , F I 0 . 4 )  
PRINT 57C 





PROGRAMME 2 -  LUMPED MASS APPROACH 
C PHASE 2 /  VERSION 2 -  EQUAL OR UNEQUAL FLOOR MASSES 
*1 6 0 5 6
DIMENSION M K ( 1 5 ) , E ( 1 5 ) , X I ( 1 5 ) , X L ( 1 5 ) , X M ( 5 )  
DIMENSION D ( 5 , 5 ) , X ( 5 , 5 ) , A ( 5 , 5 ) , B ( 5 ) , C ( 5 )  
DIMENSION P (5 ) ,Q (5 ) ,R (5 ) ,W S Q R (5 ) ,W (5 ) ,C O E F F (5 )
C INPUT
185 READ 1 8 6 ,NM,NHL
186 FORMAT( 11 A , 1 15)
DO 190 1 = 1 ,NM
190 READ 191 , M K ( I ) , E ( I ) , X I ( I ) , XL( I )
191 FO RM A T(I14 ,3E15 .7 )
DO 195 1 = 1 ,NHL
195 READ 1 9 6 , X M ( I )
196 F0RMAT(E14.7)
DO 200 J = 1 , NHL 
DO 200 1 = 1 ,NHL
200 READ 1 9 6 ,D( I , J )
I F (NHL—1 ) 2 C 2 ,2 0 1 ,202
201 WSQR(1)=D( 1 , 1 )
GO TO 435
C COEFFICIENTS OF CHARACTERISTIC POLYNOMIAL
202 N=NHL
DO 210 J=1,N  
21C X { 1 , J ) =D( 1 , J )
DO 2 2C I = 2 , N 
DO 220 J=1,N  
X ( l , J ) = 0 .
DO 22C K=1, N
220 X ( l , J ) = X ( I , J ) + X ( I - 1 , K ) * D ( K , J )  
N1=N-1
DO 230 J=1,N1  
DO 230 I = 1 ,N 
K=N-J
23C A ( l , J ) = X ( K ,  I )
A(1 , N ) = 1 .
DO 240 I = 2 , N 
240 A ( I , N ) = C .
NN=N-1
A ( 1 , 1 ) = 1 . / A ( 1 , 1 )
DO 300 M=1,NN 
K=M+1
DO 250 I = 1 ,M 
B ( I ) = C .
DO 250 J=1,M
250 B ( I ) = B ( I ) + A ( I , J ) * A ( J , K )
G=C.
DO 260 I = 1 ,M 
260 G = G + A ( K , I ) * B ( I )
G=-G+A( K , K)
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A ( K ,K ) = 1 . /G  
DO 270 I = 1 ,M
27C A ( l , K ) = - B ( I ) * A ( K , K )
DO 280 J=1,M  
C (J ) = 0 .
DO 28C I =1 ,M
280 C (J )= C (J )+ A (K ,  I ) * A ( I , J )
DO 290 J=1,M
290 A ( K , J ) = - C ( J ) * A ( K , K )
DO 300 I = 1 ,M 
DO 300 J=1,M
300 A ( I , J ) = A ( I  , J ) - B ( I  ) * A ( K , J )
DO 310 1 = 1 ,N 
P ( I ) = C .
DO 310 K=1, N
310 P ( I ) = P ( I ) + A ( l , K ) * X ( N , K )
DO 320 I =1 ,N
3 2 0  P ( t ) = - P ( I )
C ROOTS OF POLYNOMIAL (EIGENVALUES) 
J=1
330 I F ( N - 2 ) 3 ^ 0 , 4 3 0 ,3 ^ 0
3lfO R T = - P ( N ) /P ( N - 1 )
M=1
350 QK=1,
DO 360 1=1 ,N
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Q( I ) =QK*RT+P( I )
36C QK=Q( I )
R K = 1 .
L=N-1
DO 37C I = 1 , L 
R ( l )= R K * R T + Q ( I )
370 RK=R( I )
DR=Q (N )/R (L )
IF (M -2 0 )3 9 0 ,3 8 C ,3 8 C
380 PRINT 3 8 1 ,J ,R T ,D R
381 FORMAT( 13 , 2 ( I X , E l  4 . 7 ) )
GO TO 410
39C I F (AB SF(DR)-ABSF(RT/1 ,E9))41C ,410,4CC  
400 RT =RT-DR 
M=M+1 




DO 420 1=1 ,N 
420 P ( I ) = Q ( I )
GO TO 33C
430 T E R M = P (1 ) * P ( 1 ) - 4 . * P ( 2 )
WSQR(J) = ( —P ( 1 )-SQR TF(TERM )) /2 .  
WSQR(NHL)=(-P( 1 )+SQRTF(TERM))/2.
435 DO 440 1 = 1 ,NHL 
440 W(l)=SQRTF(WSQR(I) )
PRINT 450  
450 FORMAT( / / )
OUTPUT
L=C
DO 500 1 = 1 ,NM 
I F ( M K ( I ) - L ) 4 8 C , 5 0 0 ,4 80  
480 L = M K ( I )
PRINT 4 9 C , I , E ( I ) , X I ( I ) , X L ( I )  
490 FORMAT( I 3 . 3 F 1 0 . 1)
500 CONTINUE 
PRINT 510 
51C FORMAT( / )
DO 520 1 = 1 ,NHL 
520 PRINT 5 3 0 , I , X M ( I )
530 F0R M A T(I3 ,F1C .5 )
PRINT 540 
540 FORMAT( / )
DO 550 1 = 1 ,NHL 
550 PRINT 5 6 0 , I , W ( I )
560 FORMAT( 13 , F I O . 4 )
PRINT 570  





Fra me C o o r d i n a t e s
M e m b e r  C o o r d i n a t e s
FIG, Cl
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APPEHDIX C. TYPICAL DISPLACEMENT TRANSFORMATION MATRIX
FOR SINGLE-BAY FRAMES
I J T(I,J) I J T(I,J)
24 1 -1.0 9 8 1.0
28 1 -1.0 33 8 1.0
23 2 -1.0 k2 8 -1.0
27 2 -1.0 13 9 1.0
32 2 -1.0 41 9 1.0
36 2 -1.0 50 9 -1.0
31 3 -1.0 17 10 1.0
35 3 -1.0 49 10 1.0
ko 3 -1.0 58 10 -1.0
kk 3 -1.0 2 11 -1.0
39 k -1.0 22 11 -1.0
43 k -1.0 6 12 -1.0
48 k -1.0 21 12 1.0
52 k -1.0 30 12 -1.0
47 5 -1.0 10 13 -1.0
51 5 -1.0 29 13 1.0
56 5 -1.0 38 15 -1.0
6o 5 -1.0 14 14 -1.0
l 6 1.0 37 14 1.0
26 6 -1.0 46 14 -1.0
5 7 1.0 18 15 -1.0
25 7 1.0 45 15 1.0
3k 7 -1.0 3k 15 -1.0
FIG. 01
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APPENDIX D. CORRECTION TO LAURSEN et al METHOD
In their development of the dynamic member stiffness matrix, 
Laursen, Shubinski and Clough have referred to the arbitrary member 
of Fig. Dl, with end actions and deformations as shown.
The boundary conditions for this member are stated to be
n± =  0(0)
-  G± »  jZf (0 )
-  =  0(L) 
- 9 = 0 '  (L)J
M  = EX 0"(O)
&  = El 0"'(O)
M = - El 0"(L)




It is seen that the expression for displacement n̂. is incorrect, 
and should be simply
n. = 0(L). J
(D3)
This means that the signs for elements associated with n. in theJ
member stiffness matrix should have opposite sense.
Alternatively, if the x axis were repositioned to cut the member of
Fig. Dl so that n. and n. were in opposite directions, then the published
stiffness matrix could be used, but the signs for elements associated





APPENDIX E. FRAME STIFFNESS MATRIX
FOR TWO-STOREY, SINGLE-BAY PORTALS
(i) ui = 1
H1 =  12 ( § £ ) 3 + 1 2 ( § £ ) 4
(Ü) Tte = 1
Hi = - 12
He = 12
P )3 - 12




(iii) 83 = 1
Hi = - 6
He = 6
M3 = 4
(iv) 84 = 1
Hi = - 6
Ife =  6
Ms = 2
M4 = ^
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APPEMDIX F. COMPUTER PROGRAMME
FOR TWO-STOREYj SINGLE-BAY PORTALS
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C PROGRAMME 3 -  TWO STOREY FRAMES ONLY 
C LUMPED MASS APPROACH- EQUAL OR UNEQUAL FLOOR MASSES 
C SENSE SWITCH 1 ON- SHEAR BUILDING ASSUMPTION 
C SENSE SWITCH 1 OFF- NO RESTRICTION ON JOINT ROTATION 
DIMENSION M K ( 6 ) , E ( 6 ) , X I ( 6 ) , X L ( 6 ) , X M ( 2 ) , F ( 6 ) , S T F ( 6 , 6 )  
DIMENSION B (M ,C (1 0 ,S T F X 1  ( 4 , 2 ) , S T F X 2 ( 2 , 2 ) , S T F X ( 2 , 2 )  
DIMENSION D (2 ,2 ) ,W S Q R (2 ) ,W (2 ) ,C O E F F (2 )




DO 10 1=1 ,6
10 R E A D , M K ( I ) , E ( I ) , X I ( I ) , X L ( I )
DO 20 1=1,2  
20 READ,XM(I)
C FRAME STIFFNESS MATRIX 
DO 30 1=1 ,6
30 F ( I ) =E ( I ) * X I ( I ) / X L ( I ) * * 3  
S T F ( 1 , 1 ) = F ( 3 ) * 1 2 . + F ( 4 ) * 1 2 .
STF( 1 , 2 )= -S T F ( 1 , 1 )
S T F ( 2 , 2 ) = S T F ( 1 , 1 ) + F ( 5 ) * 1 2 . + F ( 6 ) * 1 2 .
I F (SENSE SWITCH 1 )3 5 ,^ 0  
35 S T F ( 2 , 1 )=STF( 1 , 2 )
GO TO 141
UO S T F ( 1 , 3 ) = - F ( 4 ) * 6 . * X L ( 4 )
132
STF( 2 , 3 ) = —STF( 1 , 3 )
S T F (3 ,3 )= F (1  ) * 4 . * X L ( 1  ) *X L (1  ) + F ( 4 ) * 4 . * X L ( 4 ) * X L ( 4 )  
S T F ( 1 , i f ) = - S T F ( 2 ,3 )
STF ( 2 ,4 ) = -S T F  ( 1 , 3 ) - F  ( 6 ) * 6 . * X L ( 6 )
S T F ( 3 , 4 ) = F (k)*2.*XL(k)*XL(k)
S T F ( 4 , 4 ) = F ( 2 ) * 4 . * X L ( 2 ) * * 2 + S T F ( 3 , 4 ) * 2 . + F ( 6 ) * 4 . * X L ( 6 ) * * 2
S T F ( 1 , 5 ) = - F ( 3 ) * 6 . * X L ( 3 )
S T F ( 2 , 5 ) = - S T F ( 1 , 5 )
STF( 3 , 5 ) = F ( 1 ) * 2 . * X L ( 1 ) * X L ( 1 )
S T F (4 ,5 )= C .
S T F ( 5 , 5 ) = S T F ( 3 , 5 ) * 2 . + F ( 3 ) * 4 . * X L ( 3 ) * X L ( 3 )
STF( 1 , 6 ) = - S T F ( 2 , 5 )
S T F ( 2 , 6 ) = - S T F ( 1 , 5 ) - F ( 5 ) * 6 . * X L ( 5 )
S T F (3 ,6 )= C .
S T F ( 4 , 6 ) = F ( 2 ) * 2 . * X L ( 2 ) * X L ( 2 )
S T F ( 5 , 6 ) = F ( 3 ) * 2 . * X L ( 3 ) * X L ( 3 )
S T F ( 6 , 6 ) = S T F ( 4 , 6 ) * 2 . + S T F ( 5 , 6 ) * 2 . + F ( 5 ) * 4 . * X L ( 5 ) * X L ( 5 )
DO 50 1=2 ,6  
11=1-1
DO 50 J -1 ,1 1  
50 S T F ( I , J ) = S T F ( J , I )
C REDUCED STIFFNESS MATRIX 
NN=NJM-1




DO ICO 1=1,M 
B( I ) = C .
11=NHL+I 
DO 1CO J=1,M  
J 1=NHL+J
100 B ( l ) = B ( l ) + S T F ( 11 ,J 1 ) *S T F (J 1  ,K1 ) 
G=C.
DO 1 1C 1 = 1 ,M 
11=NHL+I
11C G=G+STF( K l , I 1 ) * B (  I )
G=-G+STF(K1,K1 )
S T F (K 1 ,K 1 )= 1 . /G  
DO 12C I = 1 ,M 
I 1=NHL+I
120 S T F (1 1 , K 1 ) = - B ( I ) * S T F ( K 1 , K 1 )
DO 122 J=1,M  
C (J )= C .
J 1=NHL+J 
DO 122 1 = 1 ,M 
11=NHL+I
122 C( J )= C (J )+ S T F (K 1 , 11 ) * S T F ( 11 , J 1 ) 
DO 124 J=1,M  
J 1=NHL+J
124 STF(K1, J 1 ) = - C ( J ) * S T F ( K 1 ,K 1 )
DO 126 1 = 1 ,M 
DO 126 J=1,M  
I UNHL+I  
J 1=NHL+J
126 STF( 11 ,J 1 ) = S T F ( 1 1 , J 1 ) - B ( I ) * S T F ( K 1 , J 1 )
DO 128 J=1,NHL  
DO 128 I = 1 ,NJM 




128 STFX1( I , J )=STFX1( I , J )+STF( 11 ,K 1 ) * S T F (K 1 ,J ) 
DO 130 J = 1 , NHL 
DO 130 1 = 1 ,J 
STFX2( i , J ) = C .
DO 130 K=1,NJM 
K1=NHL+K
130 STFX2( I , J )=STFX2( I , J )+STF( I , K 1 )*S TF X 1(K ,J )  
DO 135 J=1,NHL  
DO 135 1 = 1 ,J
135 STFX( I , J ) = S T F ( I , J ) - S T F X 2 ( I , J )
DO 136 I = 2 , NHL
11=1-1
DO 136 J = 1 , 11
136 STFX( ! , J ) = S T F X ( J , I )
GO TO 143
141 DO 142 J=1,NHL  
DO 142 1 = 1 ,NHL
142 S T F X ( I , J ) = S T F ( I , J )
C D MATRIX
143 DO 150 J=1,NHL  
DO 150 1 = 1 ,NHL
150 D ( I , J )=S T FX ( I , J ) /X M ( I  )
C EIGENVALUES ETC
B = - ( D ( 1 , 1 )+ D ( 2 , 2 ) )
C = D ( 1 , 1 ) * D ( 2 , 2 ) - D ( 2 , 1 ) * D ( 1 , 2 )
TERM=B*B-4.*C
WSQR(1 )= ( -B -S Q R T F (T E R M )) /2 .  
WSQR(2)=(-B+SQRTF(TERM))/2.




DO 5CC I = 1 ,NM 
I F ( M K ( I ) - L ) 4 8 0 ,5 0 0 ,4 8 0  
480 L = M K ( I )
PUNCH 4 9 0 , 1, E( 1 ) , X I ( I ) , XL( I ) 
490 FORMAT( 13 ,3 F 1 C . 1)
5C0 CONTINUE 
PUNCH 51C
510 FORMAT( / )
DO 520 1 = 1 ,NHL 
520 PUNCH 5 3 0 , I , X M ( I ) 
530 FORMAT(1 3 ,F 1 0 . 5 )  
PUNCH 540 
540 FORMAT( / )
DO 550 1 = 1 ,NHL 
550 PUNCH 5 6 0 , I , W ( I ) 
560 F0R M A T ( I3 ,F 1C .4 )  
PUNCH 57C 





APEEHDEC G. REDUCED STIFFNESS AND FLEXIBILITY MATRICES
FOR SHEAR BUILDINGS
(i) Stiffness Matrix - Fig. Gl(i) 
12E 21.
Let = — . a  .
Then, for u. = 1,
Hi = He = ... = Hi_2 = 0
H. . = -k.l-l i
H. = k. + k.,.i 1 1+1
Hi+1 “ "ki+l
Hi+2 “ Hi+3 _ ’‘' _ Hn = 0.






-k k n n
0
(ii) Flexibility Matrix - Fig. Gl(ii) *
Let
Then, for = 1,
ui = f i 
us = f i + f2
etc.
ui ~ ui+l . =  U s= f i + f s + . . . + f . .n l
Hence, the flexibility matrix [Fn] is given by 
f ̂ fi ... ... fi ... •.
fl fl^"fs • • • f 1-^2 • • •
[Fh ] =











<f- u i+1 — / 
/
1̂ 6V- -  m j G-  u j — 7 —► H j - l
t



















APPENDIX H. REDUCED FLEXIBILITY MATRIX
FOR FREE CANTILEVERS WITH LUMPED MASSES
For H. =  1,l
u. =
i.3l 1 - 1
l “ 3E 21. 2E LI.l l-l
l(̂i)(i± + _i=i) + (ti + (i. + —po2 £. ,1-1
+ .  .  .  + 2E Lli
SL
( <# . + Æ . - + ... + ) ( ̂ . + -0 . n + ... + ^2 + *=T̂)
' 1 1-1 1 1-1 3
2i-+ (i. + ^. - + ... + + .̂ -, + ... + <̂ 2 * =r̂ )N i i-l i i-l 3
i.1 2 n
6 = ,=1*=- + 1-12E 21. 2E ZI. ,l l-l
(<#. ) + (^. + <0. n ) x l l i-l
*f* "l** • • • * i2E Li! (£, + £. 1 + l i-l + ^2) + + ^ - 1  + • • • + ^1 )
Then
V i  = ui + 6 V i
etc.
u = u ^ .n n-1 n
Hence, a typical row of* the upper triangular portion (and corresponding 
column of the lower triangular portion) of the flexibility matrix & u l








APPENDIX I. COMPUTER PROGRAMMES
FOR SHEAR BUILDINGS AND FREE CANTILEVERS WITH LUMPED MASSES
lia
C PROGRAMME k- SHEAR BUILDINGS ONLY/ 2 -  TO 5C- STOREYS 
C FUNDAMENTAL AND HIGHEST FREQUENCIES 
C SENSE SWITCH 1 ON- FUNDAMENTAL FREQUENCY ONLY
C SENSE SWITCH 2 ON- HIGHEST FREQUENCY ONLY
DIMENSION XM( 5 0 ) , XK (5C ),F (5C ),STO RE(5C ,5C),DELTA(5C )  




DO 10 J=1 ,N  
R E A D , I ,A ,B ,C  
XL=A*XLO 
XI=B *X IC  
XM(I)=C*XMC
X K ( I ) = 1 2 . * F M * E * X I / X L * * 3  
10 F ( l ) = 1 . / X K ( I )
IF(SENSE SWITCH 2 )1 0 0 ,1 5  
15 CARRY=C.
DO 20 I = 1 ,N
STO RE(I , I)=CARRY+F( I )
20 CARRY=STORE(1 ,1 )
N1=N-1
DO 35 1 = 1 ,N1 
11=1+1
DO 35 J = M , N
STORE( I , J )=STORE( 1 , 1 )
35 STORE(J, I)=STORE( I , J )
DO 4C J=1 ,N  
DO 1*0 1 = 1 ,N
40 STORE( I , J )= S T O R E ( I , J ) * X M ( J )
L=1
T0L=.CCC05 
DO 5C 1 = 1 ,N 
5C DELTAd ) = l 
55 W=C.
DO 80 K=1 ,1000  
DO 60 1 = 1 ,N 
D ELTA 1(I )=C .
DO 60 J=1,N  
I F ( S T O R E ( I , J ) ) 5 8 ,6 C ,5 8  
58 DELTA 1( I )=DELTA1(I)+STORE( I , J ) *D E L T A (J ) 
60 CONTINUE
FACTOR=DELTA1(N)/DELTA(N)




7C IF (ABSF(W 1-W )-TOL)9C,9C,75  
75 W=W1
DO 80 1 = 1 ,N
143
80 DELTA( I )=DELTA1( I ) /DELTA1(1 )
90 W=W1
C0EFF=W/SQRTF(E*XI0 / (XMC*XLC**3) )  
I F ( L - 1 > 5 ,9 1 ,9 5
91 PRINT 92 ,N ,K ,L ,W ,C 0E FF
92 FO R M A T ( |4 ,2 I7 ,2 F 1 2 .4 )
I F (SENSE SWITCH 1 ) 9 3 , ICC
93 PRINT 94
94 FORMAT( / / )
GO TO 5
95 PRINT 96 ,N ,K ,L ,W ,C 0EFF




DO 170 J=1,N  
DO 17C 1 = 1 ,N 
T70 S T O R E ( I ,J )= C .
ST0REO ,1 )= X K (1 )+ X K (2 )
STORE( 1 , 2 ) = - X K ( 2 )
S T 0R E (N ,N -1 )= -X K (N )
STORE(N,N)=XK(N)
I F (N -2 )5 ,2 C C ,1 8 C
18C N1=N-1
DO 190 1 = 2 ,NI
STORE( I , 1 - 1 )= -X K ( I )
STORE( I , I ) = X K ( I ) + X K ( I + 1 )
190 STO RE(I , 1 + 1 ) = - X K ( l+ 1 )
2C0 DO 210 J=1,N  
DO 210 1 = 1 ,N
21C S T O R E ( I ,J ) = S T O R E ( l , J ) /X M ( I ) 
DO 2 2 0  1 = 1 , N , 2
220 DELTAd )= 1 .
DO 221 1 = 2 ,N , 2




C PROGRAMME 5 -  FREE CANTILEVERS/ 2 TO 2C LUMPED MASSES 
C FUNDAMENTAL AND HIGHEST FREQUENCIES 
C SENSE SWITCH 1 ON- FUNDAMENTAL FREQUENCY ONLY
C SENSE SWITCH 2 ON- HIGHEST FREQUENCY ONLY
*16056
DIMENSION X L( 2 0 ) , X I (2 C ) ,X M (2 0 ) ,S T 0 R E (2 C ,2 C )  
DIMENSION D E LTA (2C ) ,D E LTA 1(2C ) ,Q (2C ) ,R (20 )
5 READ 6 ,M ,N
6 FORMAT( 1 1 , 1 3 )
FM=M
READ 7 ,E ,X L 0 ,X I0 ,X M C
7 F O R M A T (F 7 .1 ,2 F 6 .1 ,F 3 .1 )
DO 1C J=1,N
READ 8 , 1 ,A ,B ,C
8 FORMAT( I 2 , 3 F 3 . 1)
XL ( I )=A*XLC
X I ( I ) = B * X IC * F M  
10 XM(I)=C*XMO  
DO 20 1=1,N
STO RE(l , I ) = X L ( I ) * * 3 / ( 3 . * E * X I ( I  ) )
20 R ( I ) = X L ( I ) * X L ( I ) / ( 2 . * E * X I ( I ) )
DO 25 I = 2 , N 
SUML=XL( I )





S 2 = S U M L -2 . *X L (K ) /3 .
S3=SUML
S4=SUML-XL(K)/3 .
STOREd , I )= S T O R E ( l , I ) + ( X L ( K ) / ( 2 . * E * X I ( K ) ) ) * ( S 1 * S 2 + S 3 * S 4 )  
25 R ( I ) = R ( I ) + ( X L ( K ) / ( 2 . * E * X I ( K ) ) ) * ( S 1 + S 3 )
N1=N-1
DO 30 1 = 1 ,N1 
11=1+1
DO 30 J = l 1 ,N
30 STOREd ,J)=STORE(I ,J -1  )+ R ( l  ) * X L ( J )
DO 35 J=1,N1  
J1=J+1
DO 35 I = J 1 ,N
35 STOREd ,J)=STORE(J, I )
DO 40 J=1 ,N 
DO 40 I = 1 ,N
40 STORE( I , J )=STORE( I , J ) * X M ( J )
I F (SENSE SWITCH 2 )1 0 0 ,4 1
41 L=1 
T0L=.CCCC5 
DO 50 I = 1 , N
50 D E L T A d )= l  
55 W=C.
DO 8C K=1, 1CC0 
DO 6C I =1 ,  N 
D ELTA 1(I )=C .
DO 60 J=1 ,N
60 D E LTA 1(I )=D E L T A 1( I )+ S T O R E (l ,J ) *D E L T A (J )  
FACT0R=DELTA1(N)/DELTA(N)




70 IF (A B SF(W 1-W )-T0L)9C ,9 0 ,7 5  
75 W=W1
DO 80 I = 1 ,N
80 D E L T A ( I )= D E L T A 1 ( I ) /DELTA 1 ( 1 )
90 W=W1
COEFF=W/SQRTF(E*X10 / (XMC*XLC**3) )
I F (L—1 ) 5 , 9 1 ,95
91 PRINT 92 ,N ,K ,L ,W ,C 0E FF
92 FORMAT(14 , 2 1 7 ,2 F 1 2 .4 )
I F (SENSE SWITCH 1 )9 3 ,1 0 0
93 PRINT 94
94 FORMAT( / / )
GO TO 5
95 PRINT 96 ,N ,K ,L ,W ,C 0EFF
96 F 0 R M A T ( I 4 , 2 I 7 , 2 F 1 2 . 3 / / )
I W




STORE( 1 , 1 ) = 1 . /STORE( 1 , 1 )
DO 21C M=1,NN 
K=M+1
DO 160 I = 1 ,M 
Q ( l ) = C .
DO 16C J=1,M
160 Q ( I ) = Q ( I)+STORE( I , J )*STORE(J ,K )  
DM3.
DO 17C I = 1 , M 
170 D = D + S T O R E (K , I ) *Q ( I ) 
D=-D+STORE(K,K)
S T 0R E (K ,K )= 1 . /D  
DO 180 1 = 1 ,M
180 STOREd ,K ) = - Q ( I  )*STORE(K,K)
DO 190 J=1,M  
R(J )= 0 .
DO 19C 1 = 1 ,H
19C R (J )=R (J )+STO R E( K , I)*STO RE( I , J ) 
DO 2C0 J=1,M
2CC STORE( K ,J )= -R (J ) *S T O R E (K ,K )
DO 210 1 = 1 ,M
DO 21C J=1,M
210 S T O R E d ,J )= S T O R E ( l ,J ) -Q ( I ) * S T O R E (K ,J )  
DO 220 1 = 1 ,N , 2
220 D E L IA C I)= 1 .
DO 221 l = 2 , N , 2
221 D E L T A ( I )= -1 .
GO TO 55
END
